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Abstract. Hofer, Wysocki and Zehnder proved in 1131 that the Hamiltonian 
flow on a strictly convex energy level in R* has a disk-like global surface of 
section. We show here that a periodic orbit given by a fixed point of the (first) 
return map to the disk obtained in 13 also bounds a disk-like global surface of 
section. We also treat the case of a general tight dynamically convex contact 
form on S^. 
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1. Introduction 

Our goal is to pursue the study of global properties of Reeb dynamics associated 
to a tight contact form on initiated by Hofer, Wysocki and Zehnder [TTJ [T^l |T31 
More precisely, we look for global surfaces of section for Hamiltonian flows on 
strictly convex 3-dimensional energy levels. 

Consider equipped with its canonical symplectic structure 

Wo = dqi A dpi + dq2 A dp2, 

where {qi,Pi, 921^2) are linear coordinates, and a smooth Hamiltonian _ff : M'* — > M. 
The following remarkable statement is proved in |13j . 

Theorem 1.1 (Hofer, Wysocki and Zehnder). //5 C is a bounded, regular and 
strictly convex energy level of H then there exists an embedded disk Dq C S which 
is a global surface of section for the Hamiltonian dynamics. 

This is an example of result in Symplectic Dynamics, as explained by Bramham 
and Hofer [2|. Symplectic Dynamics has roots in the work of Poincare, but recent 
techniques have proved to be extremely successful to uncover new global phenomena 
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Figure 1. S\dDQ gets identified with the interior of a solid torus, 
the flow winds monotonically with respect to ODq and dDi 

in Hamiltonian dynamics. Among these we would like to emphasize methods from 
holomorphic curve theory introduced in symplectic geometry by Gromov [5]. The 
proof of Theorem is based on a holomorphic curve theory in symplectizations 
defined by Hofer in [B] where the Weinstein conjectur^ was first confirmed in 5''^, 
in all overtwisted contact 3-manifolds, and in many other cases. 

Recall that a global surface of section for a flow on a 3-manifold is a compact 
embedded surface S such that dT, consists of periodic trajectories, S \ 9S is trans- 
verse to the flow, and every trajectory not in 9S hits S infinitely many times in 
the future and in the past. It follows from Theorem |1.1| that the Poincare return 
map to Do is well-defined and preserves the finite area form wqI^j^. Our first main 
result is 

Theorem 1.2. Let S and Dq be as in Theorem \l.l\ Any periodic orbit given by a 
fixed point of the Poincare (first) return map to Dq also bounds an embedded disk 
Di C S which is a global surface of section for the Hamiltonian dynamics. 

Brouwer's translation theorem implies the existence of a fixed point of the first 
return map to the disk Dg from Theorem so that Theorem 1 1 . 2 1 gives new disk- 
like global sections, geometrically distinct to Dq. Thus, the Hamiltonian flow is 
globally twisting in two "independent" directions: around ODq and around dDi^ 
see the Figure 1. 

In a recent paper [l] Albers, Fish, Frauenfelder, Hofer and van Koert obtain 
disk-like global sections in the planar restricted 3-body problem. After a special 
transformation, a component of the levels slightly below the first Lagrange value is 
covered by a compact component of an energy level of the transformed Hamiltonian 
to which Theorem [TTT] can be applied. Theorem L2 can be applied as well to study 



the existence of new disk-like global sections in this case. 

Theorems |1.1| and |1.2| can be rephrased in the terminology of contact forms and 
Reeb fiows. A contact form on the 3-manifold M is a 1-form A such that AAdA never 



^The 3-dimensional Weinstein conjecture was confirmed by Taubes 20 using Seiberg-Witten 
theory. 
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vanishes. The associated (co-oriented) contact structure is the 2-plane distribution 

(1) e = kerA, 

which is said to be tight if there are no overtwisted disk^ We always consider M 
oriented by A A dA. Equations 

(2) iRdX = i^X = 1 

uniquely determine the Reeb vector field R. By a periodic Reeb orbit P we mean 
a pair {x,T) where T > and x is a T-periodic trajectory of R. Pairs with the 
same geometric image and period are identified, and the set of equivalence classes 
is denoted by V. We say P = {x,T) is simply covered, or prime, if T is the 
minimal period of x, and unknotted if spans an embedded disk. The Reeb 
fiow (f>t induces a smooth path of c?A-symplectic maps dij^t ■ ~^ ^4>t(p)^ ^ 
Then P = {x,T) is non-degenerate if 1 is not in the spectrum of c?0t, and A is 
non-degenerate if so is every P (z V. This is a C°°-generic condition. 

In order to continue our discussion we need to recall two invariants: the self- 
linking number, which is a contact-topological invariant of transverse knots, and the 
Conley-Zehndcr index, which is an invariant of the linearized dynamics of periodic 
Reeb orbits. 

Let L ^ M be a tranverse knot and E ^ Af be a Seifert surface[f] for L. The 
vector bundle ^js admits a non-vanishing section Z. If exp is any exponential map 
on M and e > is small then p Cz L exp(eZp) is a diffeomorphism between L and 
an embedded loop L' M satisfying Ln L' = 0. An orientation for S also orients 
L which, in turn, orients L'. The self-linking number sl{L, S) G Z is defined as the 
oriented intersection number of L' and S. It is independent of all choices. If ci(^) 
vanishes on 7r2(M), P = {x, T) is a periodic Reeb orbit and D is an embedded disk 
spanning x{M.) then s^(x(IR), D) is independent of D and will be denoted by sl{P). 

Consider the set S* of smooth paths (p : [0, 1] — > Sp(l) of symplectic 2x2 
matrices satisfying (p{0) = I and det((^(l) — /) ^ 0. As explained in [Tl], the 
Conley-Zehndcr index /i : S* — > Z is uniquely determined by the following axioms: 

• Homotopy: If is a homotopy of paths in E* then = /^(<p°). 

• Maslov Index: If tp : ([0, 1], {0, 1}) — )■ (Sp(l),/) is a smooth closed loop 
and (y9 e S* then nitl^ip) = 2Maslov(V') -t- n{ip)- 

• Inversion: If G E* then ii{(p~^) — —fi{(p). 

• Normalization: fi{t G [0, 1] i-^ e'"*) = 1. 

Assuming ci(^) vanishes on tt2{M), the Conley-Zehnder index of a contractible 
periodic Reeb orbit P — {x, T) is defined as follows. Choose a disk map F : D — > M 
satisfying i^(e*^'^*) — x{Tt), fix a smooth c?A-symplectic trivialization oi F*^ and 
consider (p = 'i>^i2„t ■d(t)Tt\x(o) '^T ■ Then (/? G E* if, and only if P is non-degenerate. 
The integer fj.{ip) is independent of F and allowing one to define 

(3) ficz{P)=Kv). 

It is possible to extend the Conley-Zehnder index to periodic orbits of arbitrary 
contact forms as explained in [TB], see section [2] for more details. 



^An embedded disk F is called overtwisted if TdF C C and TpF :^ \/p e dF. 
compact connected orientable embedded surface satisfying 9E = L. 
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Definition 1.3 (Hofcr, Wysocki and Zehnder). A contact form A on a S-manifold 
is dynamically convex if ci(ker A)|7r2(Af) = ^nd fJ.cz (P) ^ 3 for every contractible 
periodic Reeb orbit P. 

We describe a well-known family of examples. The Liouville form 
•^0 = ^{qidpi -pidqi +q2dp2 - P2dq2) 

restricts to a contact form on the boundary 5* of a smooth bounded domain of 
which is star-shaped with respect to the origin. Writing S = {^/fix)x : x £ S^} 
for some smooth f : ^ then **(Ao|s) = /Ao|s3 where '^' : ^ S is the 
diffeomorphism given by ^'(a;) = f{x)x. In this case we say /AqIss comes from 
S. By a theorem of Eliashberg every tight contact form on is diffeomorphic to 
a contact form coming from some star-shaped domain. The integral leaves of the 
associated characteristic line bundle 

£ = U (Tp5)"°, where (TpS*)"" = {w e | uo{v,w) = Vw G TpS}, 
pes 

coincide with the integral curves of the Reeb flow associated to Ao|s- In [13] Hofer, 
Wysocki and Zehnder show that Ao|s is dynamically convex when S is strictly 
convex. Theorem |1.1| is contained in the following statement. 

Theorem 1.4 (Hofer, Wysocki and Zehnder). Let X be a dynamically convex tigh^ 
contact form on . Then there exists an embedded disk that is a global 

surface of section for the Reeb flow. Its boundary ODq — Pq is a closed Reeb orbit 
satisfying p,cz{Po) — 3 and sI{Pq) = —1. 

Motivated by the above result one might wonder how special is the orbit Pq. 
More precisely, what are the necessary and sufhcient conditions on a periodic orbit 
of a tight Reeb flow on for it to bound a disk-like global surface of section? In 
the non-degenerate dynamically convex case this is answered in [16 . 

Theorem 1.5. Let X be a non-degenerate dynamically convex tight contact form 
on . A prime closed Reeb orbit P bounds a disk-like global surface of section for 
the Reeb dynamics if, and only if, P is unknotted and sl{P) = —1. 

If dynamical convexity is dropped, the answer is given by the following theorem 
from |17j . 

Theorem 1.6. Let X be a non- degenerate tight contact form on S'^ . Then a prime 
closed Reeb orbit P bounds a disk-like global section for the Reeb flow if, and only 
if, P is unknotted, ficz{P) > 3, sl{P) = —1 and P is linked to every orbit P' 
satisfying pcz(P') = 2. 

In the theorems above one obtains more than a single disk-like global section. 
Recall that an open book decomposition of a closed 3-manifold M is a pair [K, 11), 
where if C M is an oriented link and 11 : M\i4' — M/Z is a (smooth) fibration such 
that each is the interior of a compact embedded oriented surface 5*^ C M 

satisfying dS^ = K (orientations included). K is called the binding and the are 
called pages. A classical theorem due to Alexander implies that every orientable 
closed 3-manifold admits an open book decomposition, see il9j. These also play an 



"^This means that J = ker A is a tight contact structure. By results from 1121 dynamically convex 
contact forms are always tight, so this assumption can actually be removed. 



SYSTEMS OF GLOBAL SECTIONS 



5 



important role in the study of contact manifolds. If (Af , ^) is a co-oriented contact 
3-manifold then an open book decomposition (X, 11) on M supports ^ if there exists 
a contact form A satisfying ^ — ker A, \\k > and (iA|n-i(tf) > 0, V'i? € M/Z (recall 
that the pages are oriented). A celebrated theorem due to Giroux j4] states that 
every co-oriented contact structure is supported by an open book decomposition 
and, moreover, this supporting open book determines the contact structure up to 
diffeomorphism. In view of this result one finds a Reeb flow and an open book 
decomposition such that the binding consists of Reeb orbits and the pages are 
global surfaces of section. However, from a dynamical point of view Giroux's result 
does not help if we want to study the dynamics of an a priori given Reeb flow. 
This motivates the following 

Definition 1.7. An open book decomposition {K, 11) of M is adapted to the con- 
tact form A if the Reeb vector held is positively tangent to K and the pages are 
global surfaces of section for the Reeb flow. 



In theorems 1.5 and 1.6 the obtained global sections are pages of an open book 
decomposition of which is adapted to the given contact form in the above sense. 
The return map to a page encodes the dynamics of the Reeb flow and allows one 
to use 2-dimensional methods to study its global properties. 



Let A and Pq satisfy the hypotheses in Theorem 1.4 and Dq be the obtained 
disk- like global section with ODq = Pq. Brouwer's translation theorem gives a flxed 
point of the first return map to Dq corresponding to a periodic Reeb orbit Pi. 
Since Dq is one page of an open book decomposition with all pages transverse to 
the Reeb vector. Pi is unknotted and simply linked to Pq. 

Proposition 1.8. The orbit Pi as above satisfies sl{Pi) = —1. 

This will be proved in section [Sj Our second result reads as follows. 

Theorem 1.9. Let X be a tight dynamically convex contact form on . Then 
any prime unknotted periodic Reeb orbit P satisfying sl{P) = — 1 bounds a disk-like 
global section of the Reeb flow, which is only a page of an open book decomposition 
of with binding P adapted to A. 



Let us give an idea of the proof. In view of Theorem |1.5| we only need to pass 
to the degenerate case, which will be done by following [T31 Uni |T7j closely. It is 
always possible to find non-degenerate contact forms Afc admitting P as a closed 
Reeb orbit and satisfying Afe — >■ A in C°° . We would like to apply Theorem 1.6 to 
Afc and P to obtain finite-energy pseudo-holomorphic planes Uk (with respect to 
a suitable almost complex structure induced by A^) which project onto pages of 
an open book decomposition. In a second step we would like to take the limit as 
fc — > oo and obtain a global surface of section for the A-Reeb flow. However, there 
could be closed A^-Reeb orbits with very high action which have Conley-Zehnder 
index = 2 and are not linked to P, so that we need to carefully revisit the arguments 
from [ini [TT] . For details we refer to section [4] 

Acknowledgements. This work has its origin in the author's Ph.D. thesis, and 
we thank Professor Helmut Hofer for early influential discussions on this topic. 
We would also like to thank Pedro Salomao for numerous conversations about our 
results and their future applications, for suggestions on how to generalize previous 
versions of this paper, and for his mathematical help. 
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2. Preliminaries 



Here we recall the basic facts about the Conley-Zehnder index, and from the the- 
ory of pseudo-holomorphic curves in symplectizations. The knowledgeable reader is 
encouraged to skip this section on a first read, referring back only for the notation. 

2.1. Descriptions of the Conley-Zehnder index in 3-dimensions. In our 

applications we need two concrete descriptions of the integer /i satisfying the axioms 
described in the introduction. 

2.1.1. The geometrical description. For any smooth path ip : [0, 1] — > Sp(l) satisfy- 
ing tp{0) = / there exist unique smooth functions r, 9 : [0, 1] x [0, 2tt] — > M satisfying 
(^(t)e'^ = r{t, s)e*^(*'"), r > 0, 0{O, s) = s. The image of the map 



is a closed interval I{ip) with lcngtljj< 1/2. 
Lemma 2.1. dl{(p) n Z 7^ ^ ^ S* (1) . 

Proof. Assume A(s) = inf A e Z. Then 6(1, s) e s + 27rZ and = 27rA'(s) = 
6*^(1,5) - 1. We must have (p{l)e'^ = r(l,s)e*^ and (p{l)ie'^ = £\s=s'p{l)e"' = 
rs{l,s)e" +r{l,s)esil,s)ie'\ Thus 1 = det(p{l) = r(l, s)26',(l, s) = r(l,s)2 shows 
that r(l,s) = 1 is an eigenvalue of ip{l). If sup A G Z the argument is analogous. 
This proves dl{ip) n Z 7^ ^ ^ I]*(l). 

Now assume ip ^ S*(l) and choose sq E [0, tt) such that (p{l)e'^'^" = e^'^°, or 
equivalently, 9{1, sq) — so + 2fc7r for some fc e Z. If ip{l) = / then I{(p) C Z and we 
are done, so we also assume ip{l) 7^ /. The final matrix <p(l) must be a symplectic 
shear satisfying ip{l)e^^'^°^'"/^^ = e'(''o+'^/2) +ce''*° with c 7^ 0. By linearity we have 
9{t,So + TT) = 9{t,so) + 'n-yt and s G (so,so + 7r) 9{t,so) < 9{t,s) < 9{t, sq)+t: Wt, 
in particular sq + 2fc7r < 9{l,s) < sq + {2k + l)7r Vs £ {so,so + tt). Moreover, 
9{l,s) s + 2fc7r Vs S (so,so + tt) since, otherwise, c = and (/^(l) = /. It is 
clear that c > 61(1, s) < s + 2/c7r Vs e (so,so -f tt) and c < <S4> 6'(l,s) > 
s -I- 2kTr Vs e (so,so -f- tt). The first case implies sup/(iy9) = fc, the second case 
implies mil{(p) — k. □ 

On the set of closed intervals J of length < 1/2 satisfying dJ n Z = we may 
consider the function 



One checks that = fi{I{(p)) satisfies the required axioms for the Conley- 

Zehnder index of paths in S*(l). The function p, may be extended to the set 
of all closed intervals of length < 1/2 by 



In fact, suppose |A(s2) — A(si)| = 1/2. We may assume < si < S2 < 1" without loss of 
generality. Defining g{t) = 6{t, S2) — 0(t, si) we have 3(1) = 3(0) zb-Tr. By continuity there must be 
a value t* g (0,1) satisfying g{t*) £ {0, tt}, which implies <p{t'')e^''^ £ M.ip{t*)e"'^ . We conclude 
A(si) = A(s2) by linearity of the equation and uniqueness of solutions, a contradiction. 



A : [0, 2tt] ^ M, 



0(1, s) 



— s 




(5) 



fj,{J) = lim fi{J — e). 
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This induces an extension fi{ip) — jji{I{^p)) of the Conley-Zehnder index to the set 
of all smooth paths ip : [0, 1] — ^ Sp(l) satisfying (^(0) — I. Clearly is lower semi- 
continuous if the space of such paths is endowed with the C°-topology, since small 
variations of induce small variations of the end-points of I{(f). 

2.1.2. A description via self-adjoint operators. A smooth path ip : [0,1] — > Sp(l) 
satisfies a differential equation —ip' — Sip — 0, for some (unique) smooth path of 
symmetric matrices S{t), t e [0,1]. We may consider the unbounded self-adjoint 
operator L on L^(IR/Z,IR^) given by 

(6) Lv = —iv' — Sv where i 



-1 

1 



It has compact resolvent, its spectrum <t{L) is a discrete set of real eigenvalues 
accumulating at ±(X), geometric and algebraic multiplicities coincide, and all eigen- 
values have multiplicity at most 2. A non-trivial eigenvector v{t) = r(t)e*^*^*^ as- 
sociated to some A S cr(L) never vanishes, so the total winding 0(1) — 0(0) is 
well-defined. This number does not depend on the eigenvector for A, and we have 
an integer wind(A) :— {0(1) — 9{Q))/2n. It turns out that for each k € 1 there 
are precisely two (multiplicities counted) eigenvalues with wind = k, and that 
\< pL wind(A) < wind(/i). For more details see section 3 from [5j. 

Let us denote A" = max{A e cr(L) | A < 0}, A+ = min{A G (t{L) [ A > 0}. 
Set p = if wind(A~) = wind(A+), or p = 1 if wind(A^) = wind(A+) — 1. In case 
p G S*(l) we have ^ cr(i), so A+ > and one checks that 

(7) fi{p) = 2wmd{X^)+p 

also satisfies the axioms for the Conley-Zehnder index, see [5] for the proof. Even in 
case p ^ E*(l) Hofer, Wysocki and Zehnder define ii{p) by ([t]), which provides an 
extension to all smooth paths in Sp(l) starting at /. When the space of such paths 
is endowed with the C^-topology, small variations of p induce C*'-small variations 
of S, which in turn induce small variations of the spectrum, as explained in |18j . 
It becomes clear that the extension of /i described above is lower-semicontinuous 
since fJ-{p) either stays constant or jumps up (by 1 or 2) under small variations of 
the spectrum. 

2.1.3. Comparing both extensions. 



Lemma 2.2. Both extensions of ii described in 2.1.1] and 2.1.2 coincide 



Proof. We need only to consider a path p ^ S*(l). We denote by fJ.i{p) the 



extension described in 2.1.1 and by i^2i^) the one from 2.1.2 

Let I{p) — [a, b] be the "winding interval" described in 2.1.1 Consider also some 
pair of eigenvalues > and i'~ < of the operator L — —idt — S {S = —ip'p~^). 
We claim that wind(i^^) > a and wind(i'~) < b. To prove the first inequality choose 
an eigenvector v{t) satisfying Lv = v^v and consider u{t) = p{t) ■ w(0). Then the 
vector z{t) = v{t)u{t) satisfies 

(8) - iz ^ {Sv)u - v(S^) + ly-^ z 

Whenever v G K+u we have z e M and {Sv)u — v{Su) G iR. Then, writing 
z{t) = p(t)e'''(*\ we must have ■& e 2nZ i9 = i/+ > 0. Thus the total angular 
variation i?(l) — i9(0) of z is strictly positive, in other words, the total angular 
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variation of v is strictly larger than that of u, as we wanted to show. The other 
inequality is proved analogously. 



By Lemma [27l] one finds k e Z such that {k} = I{ip) n Z = dl{(p) n Z. The 
eigenvalue of the operator L must have winding precisely k. Note that 

(p{l) = I ^ I{tf) — {k} has multiplicity two as an eigenvalue of L. 

The first equivalence is obvious, and the second follows from the fact two eigen- 
vectors of L for the eigenvalue are pointwise linearly independent. In this case, 
the windings of the largest negative eigenvalue and that of the smallest positive 
eigenvalue are k — 1 and k + 1, respectively. According to the definitions explained 



in |2.1.1 and 2.1.2 and the spectral properties of L wc have /ii(</?) — IJ'2if ) = 2fc— 1. 



It remains to handle the cases where ip{l) ^ I. If a = /c and b > a then 
) — 2k. As proved above, the winding of the smallest positive eigenvalue of L 
is > k. The spectral properties of L explained in 2.1.2| imply that this winding is 



precisely k + 1. Since is a simple eigenvalue, the winding of the largest negative 
eigenvalue must also be fc, proving H2{'p) = 2k. 

li b = k and a < b then fJ,i{ip) = 2k — 1. As before, the winding of the largest 
negative eigenvalue of L is < /c and, consequently, it must be precisely fc — 1. Thus 
//2M = 2fc-l. □ 

2.2. Pseudo-holomorphic curves in symplectizations. Let us recall the basic 
definitions and facts of the theory as introduced by Hofer in [S]. Throughout we 
fix a contact form A on the closed 3-manifold M, with Reeb vector R and induced 
contact structure ^ — ker A. The projection M x Af — >■ M onto the second factor is 
denoted by ttm- Consider also 

(9) TT-.TM 
the projection along the Reeb direction. 

2.2.1. Almost complex structures. A complex structure J on ^ is said to be dA- 
compatible if dA(-, J-) is a metric. The space of these complex structures, which is 
well-known to be contractible, is denoted by J'{£^,dX). Any J £ J{S,,d\) induces 
an almost complex-structure J on M x M by 

(10) J-da = R, Jk = J. 

Above we see TAI and ^ as (M-invariant) subbundles of T{M. x M), and denote by 
a the E-coordinate. 



2.2.2. Finite- energy curves. Let us consider J as in (10) induced by some J £ 
Ji^,dX). 

Definition 2.3 (Hofer). Let {S,j) be a closed Riemann surface and F C S' a finite 
set. A finite-energy curve is a map u : S\T —>-M.xM satisfying the Cauchy-Riemann 
equations 

(11) dj{u) ^^(^du + J{il) ■ du- ^0 

and an energy condition < E{u) < oo. The energy is defined as 



E{n) = sup / u*d{(j)\) 



i>eAJs\r 

where A = M ^ M smooth | < (/) < 1, 4>' >0}. 
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Solutions of (111 are called J-holomorphic maps. Each integrand in the definition 
of the energy is non-negative, and a quick calculation shows u is constant when 
E{u) — 0. The elements of F are the so-called punctures. 

Remark 2.4 (Cylindrical coordinates). Fix z £ T and choose a holomorphic chart 
ip : {U, z) — > (?/)([/), 0), where [/ is a neighborhood of z. We identify [sq, +oo) x M/Z 
with a punctured neighborhood of z via {s,t) ~ V^^(e"^'''''+"'), for So > 1, and 
call (s, t) positive cylindrical coordinates centered at z. We may also identify (s, t) ~ 
^-ij-g27r(s-i-it)-| T^Y^QYQ s < —Sq and, in this case, {s,t) are negative coordinates. In 
both cases we write u{s,t) — u o ?/;~i(e~^'^(''+''*^) or u{s,t) — ?/;^^(e^'^('*+'*^). 

Let (s, t) be positive cylindrical coordinates centered at some z e F, and write 
u{s,t) — {a{s,t),u{s,t)). E{u) < oo implies 

(12) m= lim / u*X 



+00 



{sjxR/Z 



exists. This number is the mass of u at z, and does not depend on the choice of 
coordinates. The puncture z is called positive, negative or removable when m > 0, 
m < or m = respectively, and u can be smoothly extended to (S'\r)U{z} when 
z is removable. Moreover, a{s,t) — ^ eoo as s — )• +oo, where e is the sign of m. 

2.2.3. Asymptotic operators and asymptotic behavior. Let P — (x, T) be a closed 
Reeb orbit and consider the bundle = a;^^ M/Z, where XT{t) = x{Tt). Let 
k € Z"*" be its multiplicity, that is, T = kTmm where Tmm is minimal positive 
period of x. A choice of J € J{^,dX) induces an inner-product 

(r;,C)- / {dX)^^TtMt),Jx(Tt)(:{t))dt 
Jo 

of pair of sections r;, C of ^p. The corresponding space of square integrable sections 
is denoted by Lj(^p). 



Definition 2.5. The asymptotic operator at P is the unbounded self-adjoint op- 
erator Ap on L^j{£,p) defined by 

(13) Ap{Tj) = J{-WtV + TS/,,R) 

where V is any symmetric connectiorj^ on AI and Vt denotes covariant derivative 
along the curve xxit). 

Remark 2.6. A dA-symplectic frame for ^p presents Ap as an operator of the form 
— J{t)dt — S{t), where J{t) is the representation of Jx{Tt) and S{t) is symmetric 
with respect to (•,— zJ(i)-). If the frame is (c?A, J)-unitary then the Ap takes the 
form —idt — S{t) where S{t) is symmetric. It follows that Ap has all the spectral 
properties described in |2.1.2| 

Consider coordinates {9,x,y) E M/Z x and the contact form ao = d9 + xdy. 

Definition 2.7. A Martinet tube for a simply covered orbit P is a pair {U, ^) 
where J7 is a neighborhood of x(M) in M and ^ : [/— >-K/Zxi3isa diffeomorphism 
{B C is an open ball centered at the origin) satisfying 

(1) ^'*(/ao) = A where the smooth function / : M/Z x i? -> M+ satisfies 
/Ir/zxo = T and d/|E/zxo = 0. 

^Ap does not depend on V. 
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(2) ^{x{Tt)) ^ {t,0,0). 

Remark 2.8. According to 7 Martinet tubes always exist. We note that if P 
is simply covered and rj is any non-vanishing section of S^p then (U, ^) can be 
constructed so that ^*7y = dx- 



Let u = (a, u) be as in Definition 2.3 z G F be a non-removable puncture, and 



{■s,t) be positive cylindrical coordinates centered at z. Let m be the mass of u at 
z and e be its sign. 

Definition 2.9. We call z a non-degenerate puncture of u if there exists a periodic 
Reeb orbit P ~ {x,T) and constants c, d € M such that 

(1) sup(gR/2 \a{s,t) — eTs — dj — ^ as s — > +oo. 

(2) m(s, t) x{eTt + c) in C°(]R/Z, M) as s +cx3. 

(3) If TT ■ du does not vanish identically then tt • (iu(s, t) ^ when s ^ 1. 

(4) If we define u{s,t) = exp.^i^^rp^^^-^[([s,t)) for sufficiently large values of s 
then sup(gjj/2 e'"*|C(s, i)| — >■ as s — >■ -l-oo, for some 6 > 0. 

We also say that u has non-degenerate asymptotic behavior at z. 

The above definition is independent of the choice of tp and exp. If P is as above 
then we say u is asymptotic to P at z. When every non-removable puncture is 
non-degenerate we simply say u has non-degenerate asymptotics. 

Here is a partial description of the asymptotic behavior from [7]. 

Theorem 2.10 (Hofer, Wysocki and Zehnder). // A is non- degenerate then ev- 
ery finite- energy J -holomorphic curve, for any J G J{^,d\), has non-degenerate 
asymptotics. 

A much more precise description of the asymptotic behavior is given in [7]. Let 
u — (a, u) be asymptotic to P = (x, T) at the non-degenerate puncture z. Consider 
cylindrical holomorphic coordinates (s, t) centered at z, positive if z is positive or 
negative otherwise. Choose a Martinet tube (U, for the underlying prime orbit, 
as described above. The frame {ei ~ dx/^/J,e2 — {~xdg -\- dy)/y/f} of ^ on t/ is 
dA-symplectic and can be used to represent Ap ~ L — —J{t)dt — S{t), as explained 
in Remark 12.61 The fimctions 



a(s, t) e R, d{s, t) e R/Z and z(s, t) = (x(s, t), j/(s, t)) € 

given by {id^ x o u — [a, 9, x, y) are well-defined for \s\ ^ 1. Let e = ±1 be the 
sign of the puncture z. 

Theorem 2.11 (Hofer, Wysocki and Zehnder). Assume X is non- degenerate and 
J u*dX > 0. One finds b > 0, ^ £ <^{L) such that efi < 0, an eigenvector v of L 
satisfying Lv — /lu, a smooth real function a(s) defined for es ^ I and constants 
c,d£R such that 

lim supe^l"! {\D^[a -Ts-d]\ + \D^[9 - H - c]|) = 

|s|-s.oo t 

for every multi-index /3, lim|<,|_yo2 -D^[a(s) — /i] = for every j >0 and 

z(s,t) = 6^"^")'*" {v{t) + Ais,t)) 
where li^\s\^oo^'^Pt \D^A.\ — V/3. Here k > 1 is the multiplicity of P. 
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The eigenvalue fi G a{Ap) and the eigenvector of Ap corresponding to v as in 
the above statement will be loosely referred to as the asymptotic eigenvalue and 
asymptotic eigenvector of u at z, respectively. 



In [TD] it is proved that the conclusions of Theorem 2.11 also hold under the 
assumption that A is only Morse-Bott. In [16j we prove the following lemma. 

Lemma 2.12. Let A be any contact form on M , fix any J G dX), and let u he a 
finite-energy J -holomorphic curve m M x M asymptotic to P at the non- degenerate 



puncture z, in the sense of Definition \27y\ Then the conclusions of Theorem \2.11\ 
are true. 

2.2 A. Some algebraic invariants. We need to recall a few definitions from [5|. Let 



J e J{£,, d\) induce J as in ( 10 ) , (5, j) be a closed Riemann surface, and u = (a, u) : 
5\r— >-IRxMbea finite-energy J-holomorphic curve, where F C S* is a finite 
set of non-removable punctures. Assume also that every z e F is a non-degenerate 
puncture as in Definition |2.9[ 

The section n ■ du oi 8 = A°'^T*{S \ F) (g)c u*£, satisfies the Cauchy-Ricmann 
type equation 

t: ■ du ■ j — J{u) ■ TT ■ du. 



This follows from (11). Thus either tt • du vanishes identically or its zeros are 



isolated. In the second case one defines 

(14) wind7r(u) — algebraic count of zeros of tt • 
where £ is oriented by its natural complex structure. 

Remark 2.13 (Winding numbers). Let E ^ M./'Lhc an oriented rank-2 real vector 
bundle, and consider two non- vanishing sections Z and W oi E. A choice of complex 
structure J inducing the orientation of E gives unique functions a, 6 : M/Z — M 
satisfying W = aZ + bJZ. The function f — a + ib : R/Z C does not vanish and 
we define 

(15) wind(W^, Z) = deg ill e Z. 

This integer depends only on the homotopy class of non-vanishing sections of Z 
and W, and on the orientation of E. When E is symplectic, we use the induced 
orientation. 

Let Z he a non- vanishing section of u*^ and assume tt • du does not vanish 
identically. If (s, t) are positive cylindrical coordinates centered at some z €T then 
set 

windoo(u, z, Z) :— lim wind(i i— tt • dsu{s, et), 1 1— > Z(s, et)) 

where e = ±1 is the sign of the puncture z. Splitting F — F^ U F~ into positive 
and negative punctures, Hofer, Wysocki and Zehnder define in [B1 

(16) windoo(M) = windoo(u, Z) — windoo(w, z, Z). 

zer+ zev- 
Clearly this number does not depend on Z . 

Definition 2.14. A finite-energy plane u : C — )• R x M will be called fast if cxd is a 
non-degenerate puncture, the asymptotic limit P of m is a simply covered (prime) 
Reeb orbit and wind^(M) — 0. 
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We do not make any non-degeneracy assumptions on A or P in the above defi- 
nition. 

An application of the argument principle proves the following important identity. 

Lemma 2.15 (Hofer, Wysocki and Zchnder). wind^^iu) — wind^{u) — x{S) + #r. 

The following statement will be left without proof. 

Lemma 2.16. Let u = (a,u) he a J -holomorphic finite-energy surface, z be a non- 
degenerate puncture of u with sign e = ±1, and P = (x,T) be the asymptotic limit 
of u at z. Fix holomorphic cylindrical coordinates {s,t) centered at z with sign e. 
For any smooth non-vanishing section Z of x^S, there is a smooth section Z ofu*S, 
defined near z such that Z{s,t) — >■ Z{t) in C°(]R/Z.^) as es — > +oo. 

Remark 2.17. Suppose A is non-degenerate and that the finite-energy plane u 



is asymptotic to the closed Reeb orbit P = {x,T). It follows from Theorem 2.11 



Lemma 2.16 and ( 16 1 that the winding of the asymptotic eigenvector with respect to 



a trivialization of induced by the capping disk given by u is precisely windoo (w). 

2.2.5. Curves with vanishing dX-energy. Let F C S* be finite, J G J^{S,,dX) and 
■u = (a, u) : 5 \ F M X M be a finite-energy J-holomorphic surface. The integral 



(17) / u*dX 

Js\r 

is positive, bounded by E{u) and vanishes if, and only if, n ■ du = 0. 

Theorem 2.18 (Hofer, Wysocki and Zehnder). IfV C C is finite, u : C\F RxM 
is as above, F consists of negative punctures and Ji^^^u*dX = 0, then one finds a 
non-constant polynomial p : C — )■ C and a closed Reeb orbit P — (x, T) such 
that p^^{Q) ^ T and u = Fp o p. Here Fp : C \ {0} ^ M x M is defined by 
Fp(e2-(^+»*)) = {Ts,x{Tt)). 

Corollary 2.19. IfT = (!) then J^u*dX > 0. 

2.2.6. Bubbling-off points. The basic tool for the bubbling-off analysis is the fol- 
lowing lemma, where norms are taken with respect to any M-invariant metric on 
M X M and the euclidcan metric on C. 

Lemma 2.20. Let F C C 6e finite and [/„ C C \ F 6e an increasing sequence of 
open sets such that U„C/,i = C \ F. Let Un — (a„,M„) : {Un,i) — > (M x M,J) be 
J-holomorphic maps satisfying sup„ E{un) — C < oo, and z„ G [/„ be a sequence 
such that \dun{zn)\ — > +00. // Zn stays bounded away from F U {oo}, or if there 
exist m and p > such that C \ Bp(0) C Um and Zn stays bounded away from T, 
then there exist subsequences {unj} and {z„^}, sequences z'^ G C and rj G M, and 
a contractible periodic Reeb orbit P ~ ix,T) such that \zn. ~ — > 0, rj — > 
T < C and 



limsup / u*^_dX>T. 

j^+co J\z-z'.\<rj ^ 

The proof is standard and will be omitted. 
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3. Computing the self-linking number at a fixed point 



In this section we prove Proposition |1.8| Suppose A is a tight dynamically convex 
contact form on S^, and let P — {x,T) be the boundary of the global disk section 



Do obtained by Theorem 1.4 where T is the minimal period of x. Let Pi — (xi, Ti) 
be an orbit given by a fixed point of the first return map to -Do- In particular Ti is 
the minimal period of xi. Orienting by XAdX one computes the linking numbeij^ 
link(Pi, P) — +1 by noting that Pi intersects the disk-like global section once and 
positively. 

The Reeb vector field will be denoted by R. 

3.1. Outline of the arguments. Below we construct a C° embedding : D — > S*"^ 
satisfying (p{e^'^^*) = xi{Tit) that restricts to a smooth embedding ip : D\{0} — ?► S^. 
Moreover, if (r, d) ~ re*'' are polar coordinates on D* = D \ {0} then the radial 
derivative ipr is never tangent to the Reeb vector. If ip as just described exists then 

(18) W:^n-ipr 

is a non-vanishing section of </5*^|d», where tt is the projection (|9|. 
Let Z : ^ he a smooth global non-vanishing section and set 

(19) m = wind(M^(e'2^*),Zo(^(e^2'^*)) 
where f is oriented by dX. 

Lemma 3.1. If ip as described above exists then sl{Pi) — —m. 

Proof. Set Fq — p{D). Then for every neighborhood V of (p{Q) in there exists 
a smooth embedded disk F ^ such that F = Fq on \ V . The section 
W defines a smooth section of £,\f\v that can be extended smoothly to F. We 
still denote this extension by W. We claim that VFjai;' pushes OF to a loop with 
zero intersection number with F. This can be seen by considering the homotopy 
= (1 — s)W + sipr of vector fields along dF. The crucial fact is that is 
never tangent to dF, for every s G [0, 1], which follows easily from TdF = 'B.R\qp. 
Then sl{Pi) = - wmdapiW, ZIqf) ^ -windgj., (VF, Zlgp,,) = ~m. □ 

The remaining of this section is devoted to the construction of (p and to the proof 
of m = 1. 

3.2. Constructing ip and computing m. We denote by the bundle {xt)*£, ^■ 
M/Z, where xt ■ M./Z M is the map 1 1-)- x{Tt). Consider coordinates {9,x,y) G 
M/Z X and the contact form ao = d9 + xdy. According to [7], one can find a 
small open ball B CM.'^ centered at the origin, an open nei ghbo rhood U of x{M.) in 

and a Martinet tube * : [/ ^ M/Z x B as in Definition 



2.7 



We have 



• ^'*A = fao where / satisfies /|r/zxo = T and d/|R/zxo = 

• *(a;(Tt)) (i,0,0). 

It follows that 5'*^ = X on x{R). According to Remark 2.8 we can and will 
assume that 'i'*dx = Z over points of P. 

Remark 3.2 (Cq "'^-topology). If I G Z+, a £ (0, 1), J < and sq G consider the 
space Cq"'^ {[sq,oo) x M/Z,M™) defined in [9j as the set of maps f{s,t) satisfying 



^The linking number link(ci,C2) of two oriented embedded circles ci and C2 inside is defined 
as the oriented intersection number of ci with an oriented disk D satisfying dD = C2 (orientations 
included). 
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• e-^'D'^f{s,t) e C"^"([so,c3o) X M/Z,M'") V|/3| < I 

• limfl^+ooe-*'^||i?'3/(s,t)||co,=([fl,+oo)x5i*") = 0V <Z. 

is a Banach space with the norm 

(20) ll/l|/,Q,<5 = l|e^''*/(s,Ollc'.°([so,oo)xR/Z,R'")- 

Now consider the space Xic,.s{P) of C;^"-maps F ^ (a, f) : C ^ M. x satisfying 

• 3d e M such that a{s,t) - Ts - d £ &q"-\[0,oo) x M/Z,M), where a{s,t) = 

• 3i? > such that /(C \ S;^(0)) c U 

• If So > 1 and we define {els,t),x{s,t),y{s,t)) = 5-0 fl^e'^^i^+n)) then 
(0 - t - c,x,2/) € Co'"''^([so,oo) X R/Z,R^), for some c e M. 

One can see that Xi^a,s{P) does not depend on the choice of the Martinet tube 
(?7, 4"), and carries the structure of a separable smooth Banach manifold, but we 
will not make use of this fact. Here we only note that its topology is described by 
saying that F„ = (a„, /„) -> = (a, /) if, and only if, 

• If s > 1 then /„(e2^(''+'*)),/(e2'^(''+^*)) G U Vn, 

• Defining the functions (a„, 6'„, a;„, y„) — {id^ x 5') o F„(e^^'^'*+**^) and also 
{a,e,x,y) = {idji X ^) o i^(e2^(^+«)) for s > 1 then (a„, 6I„, x„, ?/„) ^ 
(a, 0, X, y) in Cg "'*([so, oo) x M/Z, W^). □ 

When A is non-degenerate Theorem |1.5| can be used to find a disk-like global 
section spanning P and, consequently. Pi is realized as a fixed point of the first 
return map. The conclusions of Theorem |1.5| are obtained by finding a continuous 
map 

(21) u^{a,u):R/Z^Xi,o,^s{P) 

for a suitable d < and any I, a as above, such that (??, z) i— >■ z) := it(i9)(0) is 
a diffeomorphism E/Z x C ~ S''^ \ x(M). In [16] it is proved that each page u{'d, C) 
is a global surface of section for the Reeb flow. The details of this construction are 
technical and follow closely the ideas from [11] [T^ [13] . When A is degenerate then 
we may slightly perturb A in C°° so that P and Pi are still Reeb orbits and all 
Reeb orbits with Conley-Zehnder index < 2 have very large action. In this case the 
map (21 1 can be obtained by applying Theorem 1.6 from [12'. 

By the implicit function theorem we can find a smooth map "d G M/Z h- > 7(1?) G C 
such that j:i(M) n u{d, C) ~ u{d, 7(1?)). Replacing u by u(i?, z — 7(1?)) we still have 
a continuous map ?? 1— >■ «("(?, •) G Xi^a.s{P)- By reparametrizing the M/Z-coordinate 
we can also assume, without loss of generality, that u{'d, 0) — xi{Tid). We take the 
opportunity to state a useful lemma that follows from the above discussion. 



Lemma 3.3. Let u = {a,u) be the map (21). Composing with a smooth family 
of rotations we can assume it('(?, e^'^^*'^'*^) — x{Tt) as s ^ 00, Vi9. Moreover, 
Ve > 3Ro = e^'^'o > 1 such that u{d,C \ Bi?o(0)) C U W and if we define 
{e,x,y){-d,s,t) = * ou(i9,e2"(''+'*)) for s > sq and d,t E M/Z, then 



''^\DP[{e,x,y){i),s,t)-{t,0,0)]\<e 



uniformly in < I, (?9,t) G M/Z x M/Z and s > Sq. 
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For simplicity we assume Ti = 1. Fix < < 1, < eo < min{6'i/3, 1/2} and 
So 3> 1 so that s > sq implies 

w{d, s, t) = {e, X, ?/) = * o ui-d, e2'^(''+")) 

is defined and 

(22) max 0,0)1, \wtii9, s,t) ^ [1,0,0)1 |(2s)3/ s, i)| } < eo- 

This is possible in view of Lemma |3.3[ 



Choose < ro <C 1/2 so smaU that l/2ro > sq and 2^1 /3ro > 11. This implies 
s — l/2r^ ^ So a r < ro. Consider a smooth function < : (0, 1] — > M satisfying 
t'{r) > 0, t{r) = for ro < r < 1 and t{r) = - 6li for < r < ^. 

Let p : (0, 1] — [0, oo) be a smooth function satisfying p' < 0, p{l) = and 
p{r) = exp(7rr^^) for r £ (0, tq]. Now define for -d £ M/Z and r £ (0, 1] 

(23) z{r) = p(r)e*2'^*W ^(r, i?) = w(i9, z(r)). 
Note that 

■i'oif{r,d) = w{'d,l/2r'^,t{r)) 

is well-defined for r < vq. 

is a proper embedding of (0, 1] xM/Z into S^\P, and (/^(l, i^) = u{'d, 0) = xi(i?). 
If we think (p as a map D* — )■ 5^ \ P by p{re^'^'^^) ~ iy9(r, z?) then it can be extended 
to a continuous embedding of D into by setting ip{0) — x{—6i). The radial 
derivative ^pr{'&,r) over D* is a non-vanishing vector of Tu{'d,C), so it is never a 
multiple of R since «(■)?, C) is an embedding transversal to the Reeb flow. This 
concludes the construction of the C°-embedding ip with the desired properties. 
Thinking {0,x,y) £ M/Z x i? as coordinate functions, we claim that 

(24) ei^oplr,^)) > — -^W£R/Z,r£ [ro/2,ro]. 

o 

In fact, ^ < r < ro ^ s = (l/27r) log e^/''' = l/2r2 > sq. Hence ^ < r < tq 
implies |*o(^(r,i9)- (i(r),0,0)| < eo < and 

. . 401 ro „ ^^1 

t(r) > Ot — . 

^ ^ - 3ro 2 ^ 3 



These two estimates together and the triangle inequality prove (24). 

Choose & {—di, — 20i/3) a regular value for the function {6 o ^> o p)\(o,ro]xM/z 
and set 

So - (0O«'O(^)-l(02). 



By (241 we have (r, i?) £ So ^ r < ro/2. Also So is bounded away from {0} x M/Z 
since limr_i.o(^' o \I> o p){r, — —di < 62- Hence So is a non-empty finite collection 
of embedded circles inside (0,ro/2) x M/Z. Now we claim that 

(25) • (* o p)^ > 10 on So. 

To prove this note that r < ro/2 implies 

o p\{r, d) = -(2s)3/2u;, + ^Wt 

3ro 
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Now we estimate 



An 

d9-{^o ip)r > -^de ■ wt - {2sf''^\ws\ 

> ^ [d0 • (1, 0, 0) - \de ■ [wt - (1, 0, 0))|] - {2.sf/^\w, 

4di , , A9il 1 1 

> ^1 - eo - £0 > TT^;, - > 11 - ^ > 10 
3ro Sro 2 2 2 



and establish (25 1. 

We also claim that 5*0 has precisely one component which is a generator of 
7ri((0, 1] X M/Z). In fact (25) implies that every component of Sq is the image of 
a graph where r is a function of Thus no component of 5*0 is homotopically 
trivial in (0, 1] x M/Z and every component of 5*0 is a generator of 7ri((0, 1] x M/Z). 
Moreover, if there are two or more components then d9 ■ o ip)^. < along one of 
them, again in contradiction to (25 1. From now on we might write r{'d) € (0,ro/2) 
to denote the unique smooth function such that 5*0 = {{r{'d),-d) : d S K/Z}. 

Consider the flat surface S = '^^^{{9 = 6*2}) inside U. Then 

{u{i), z{r(m} = WirW, ^)} = ^{So) C S n imagc^. 

Note that u(i?,C) i+i E at the points of ip{So) since there we have \wt — (1,0, 0)| < 
eo < 1/2 which implies \d9 ■ Wtl > 1/2. Denoting by the map z 1-^ u{-d, z) we 
find, for each -d G K/Z, some /3(t?) G K/Z satisfying 

(26) d0-d(vI/o^,(^))U(,(^)).e^2./3W =0. 

By the above mentioned transversality and the implicit function theorem we can 
choose (3 smoothly. Set 

a(,9)=dii(^)U(,,(^)).e'2.;3W 

and note that both a{'d) and (pr{r{'d),'0) are vectors tangent to u(??, C) at the point 
u{'d){z{r{'d))) = (p{r{{}), d), so tt • a{'0) and tt • (pr{r{'d), d) are non- vanishing vectors 
on ^. Here we used that u(i?,C) is transverse to the Reeb vector and tt is the 
projection It follows from (25)-(26l and from the definition of a that tt ■ cr(i?) 
and TT ■ (pr{r{-9), d) are linearly independent Vi?, since tt ■ du{'d) : (C, i) — >■ (^, J) is a 
complex isomorphism. We compute 

m — wind(7r • (/3r(l, "9), Z o ip{l, i?)) = wind(7r • (pr{r{'9), {)), Z o ip[r{'9), i?)) 

= wind(7r • Lpr{r{-d),d),TT ■ ct(i?)) + wind(7r • cr(i9), Z o (^(r(i9), 1?)) 

=wmd{TT-a{i)),ZoLp{r{d),i))) 

= wind(7r • cr(?9), vr • {•i'*d^) o (p{r{i9),i})). 

The windings are computed as goes from to 1 positively. Both vectors cr(i?) and 
(**a^) o ^{r{'d), 'd) belong to **(0 x K^) c TU. Naturally in **(0 x K^) we have 
the complex structure where i is the usual positive rotation by 90 degrees on 
K^. Moreover, the projection tt : ^'*(0 x K^) — >■ ^ is a vector bundle isomorphism 
since ^'*(0 x K^)|p = and U is small. Clearly if J is a dA-compatible complex 
structure on ^ then tt* J is a complex structure on \l/*(0 x K^) which is homotopic 
through complex structures to This follows since ^* {d9 A dx A dy) is a positive 
multiple of X A dX on U . Consequently we have 

(28) wind(^ • a(i?), tt ■ («'*9,) o ^(r(z?), ^)) = wind(^',(7(i?), a,|*o^(,(^),^)) 
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where the last winding is computed as a winding of non-vanishing vectors on 
with respect to i. 

We claim ^*(t(z?) and ^[(^' ° 'p){'''{i}),'d)] are everywhere linearly independent. 
To see this note that 

M'.a(i?)=d(vI/ow(^))U(,(^)).e^W) 

and 

so if these vectors are linearly dependent for some value of i?* we get a contradiction 
to the fact that the derivative of the diffeomorphism (d, z) i— > z) is non-singular 
at the point {-d* , z{r {■&*))). We obtain 

(29) wind(**(7(i?),a^|v[,o.^(r(i*),tf)) = wind ^^[(^' o (^)(r(i9),'i9)],a:rkoi^(r(^),tf) 

We claim that the last winding above equals +1. The image T of the map 
1? i-> (^f o (p){r{'d), is an embedded circle in the plane {9 = 62} — and it winds 
around the origin. Otherwise Pi would be homologically trivial in \ P because 
{f{r, i9) : r{'d) < r < 1} is an embedded annulus inside \P with one component 
equal to {(p{r{'d),i})} and the other equal to Pi. Moreover, F bounds a disk D C 
{9 — 92}- Let us give T the orientation induced from M/Z by the embedding 
"d 1-7- (^'o(^)(r(??), {)). By homotopy invariance the linking number link(Pi, P) — +1 
coincides with link(r, 0-axis), where the 6'-axis is oriented by de- Since the ambient 
space is 3-dimensional we obtain -1-1 = link(0-axis, F) which equals the intersection 
number of the 0-axis with D, when D is equipped with the orientation o induced 
from the identity T = dD. Thus o coincides with the orientation of D induced by 
dxAdy. This discussion shows that F winds positively around the origin when is 
oriented by dx A dy. Now note that ^ [(^ o tp)(r{-d), ■&)] is precisely a positive non- 
vanishing vector field tangent to F. So its winding coincides with the winding of 



F, proving our claim. Combining (27), (28) and (29) we obtain m — 1, concluding 
the proof of Proposition [TT 



4. Passing to the degenerate case 



Our goal here is to prove Theorem 1.9 We assume, without loss of generality, 
that the tight dynamically convex contact form A on is of the form /Ao|s3, where 
/ : S''^ — > (0, -l-oo) is smooth and Xn — qdp~pdq is the standard Liouville form 
on M^. As before, the Reeb vector is denoted by R, its flow by {(j>t}t<£TS. and the 
standard contact structure on by 

— ker Aq. 

From now on we assume P = (a;, T) is a closed Reeb orbit of A as in the statement 
of Theorem O 



4.1. A suitable spanning disk for P. Recall that on any embedded oriented 
surface S C there is a singular distribution 

(30) (e n TS)^ 

called the characteristic distribution of S, where here _L denotes the dA-symplectic 
orthogonal (with respect to any defining contact form A for ^). It equals ^ n TS 
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except at the smgular pomts where ^ = TS and n TS)-^ ~ {0}. If S is in a 
regular level set of some function H then equations 

(31) ivX^O, ivd\ = dH - {iRdH)\ 

define a vector field on S* that parametrizes the characteristic distribution. A 
singular point p e I? is called non-degenerate when the linearization DVp is an 
isomorphism. Then p is called elliptic or hyperbolic if the determinant of DVp is 
positive or negative, respectively. The space TpS — has two orientations: Op 
induced by the given orientation of S, and Op induced by d\. The singular point p 
is positive if Op = Op, and negative otherwise. Following Hofer we call p nicely 
elliptic if it is elliptic and the eigenvalues of DVp are real. 

Below we only consider the case where dS 7^ is a knot transverse to ^ and, in 
this case, S will always be oriented by Xros > 0. Applying arguments from pTlfT^ 
(which use Giroux's elimination lemma from [3]) to our situation one proves 

Theorem 4.1 (Hofer, Wysocki and Zehnder). Let L C (S^,^) be a transverse un- 
knot spanned by an embedded disk Dq C S'^ satisfying sl{L) = — 1. Then there exists 
another embedded disk Vi spanning L such that the characteristic distribution of 
Vi has precisely one singularity, which is a positive nicely elliptic point. Moreover, 
the disk 2?i can be obtained by a smooth and arbitrarily C'^ -small perturbation of 
supported away from L. 

In order to consider special Bishop families of pseudo-holomorphic disks we need 
suitable boundary conditions provided by the following statement. 

Lemma 4.2. Consider a sequence of smooth functions hk ■ S'^ — > satisfying 
hk = 1, dhk = on x{M.) and hk ^ 1 in C°° . There exists an embedded disk T> <Z 
spanning a;(M) for which we can find kg and a neighborhood O of dT> — x{M.) in T> 
such that RRklp n TpT) — 0, y p G O \ x{M.) and k > kg. Here Rk denotes the Reeb 
vector of h^X. 

Note that, by the assumptions on /i^, t n- x{t) is T-periodic trajectory of the 
vector fields Rk- 

Proof. Let 2?o C be an embedded disk spanning x(IR) and 

teM/z^w^(t)e (r2?onOU(ft) 

be a non- vanishing vector along the curve Xf. Let us denote — hkX. We claim 
that there exists an embedding 

(32) i} : (1- e,l] xR/Z^ 

and an integer fcg > 1 satisfying the following properties 

(i) i;{l,t)^x{ft). 

(ii) Denoting S — ?A((1 — e, 1] x R/Z), let 1 1-^ N{t) be a non-vanishing vector 
field satisfying N{t) G (TS" n C)U(rt), Vi. Then wind{N {t),W{t)) = 0. 

(ui) If fc > fco then {drtp, dtip, Rk o ■0} is a basis of T^(r,t)S^ when 1 — e < r < 1. 

Let J7 be a smaU neighborhood of x{R) in and $:[/— >M/Zx_Bbea 
diffeomorphism, where B C is the unit ball centered at the origin, satisfying 
^xife)) = {e, 0, 0) ye e K/Z, $*A|r/zx(o,o) = TdO and $*(c'A)|r/zx(o,o) = dxAdy. 
Here {9,x,y) are standard coordinates in K/Z x M^. Note that ^^Wit) e x 
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for every t. The map $ can also be arranged so that $*W^(t) and 9:^1(4,0,0) do not 
wind with respect to each other. 

In these coordinates the hnearized A-Reeb flow along x{M.) ~ M/Z x (0,0) is 
represented as 

'1 



d(j)rp 



•Tt 



where tp : [0, 1] Sp{\) is a path of symplectic matrices satisfying (^(0) — I. Note 
that 

^l{<p) = ^lcz{P) + '^sl{P) > 1 

where sl{P) = — 1 is the self-linking number of P. Let be the winding interval 



of (f deflned as in 2.1.1 In view of the geometric description of the /i- index we 
know I{lp) C M"*" and ip{l) = / <^ I{lp) C Z+. One of the following cases hold: 
(a) cr((/3(l)) — {a, a^^} with a > 0, a 7^ 1. In this case we set 

'In a 



'0 -In a 

and find T e Sp{l) such that ip{l) = T-^e^T. 
(b) cr((^(l)) = {1} and (p{l) 7^ /. In this case we find a G M\{0} and T G Sp{l) 
such that (p{l) = T~^e^T where 

.0 0, 



Y 



(c) (t((^(1)) = {e^*^} for some 7 G [0, 27r). In this case we set 

and, perhaps after changing 7 by 27r — 7, we find T G Sp{l) such that 
(^(1) = T-ie^T. 

(d) (t((^(1)) = {a, a^^} with a < 0, a 7^ —1. In this case we set 

^ (H-a) 

and find T G S'p(l) such that ~(p{l) = p-^e^T. 
After composing $ with the linear diffeomorphism 




in each case, we could have assumed that $ satisfies all the properties mentioned 
before and, moreover, that (p{l) = in cases (a)-(c) or tf{l) = —e^ in case (d). 
In cases (a), (b) and (c) we set K{t) = e*^, and in case (d) we sel|^if(t) — e"*e*^, 
so that K{1) = (p{l) in all cases. 

We need to understand in detail the index fi{K) and the winding interval I{K) 
of the path 1 1-^ K{t). 

• In case (a): I{K) contains in its interior and ) ~ 0. 

• In case (b): if a < then I{K) = [0, c] for some < c < 1/2 and fi{K) = 0, 
if a > then I{K) = [c, 0] for some -1/2 < c < and ii{K) = -1. 



^We may denote the matrix ( '^"^^ smy \ 
\^sm y cos y j 
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In case (c): I{K) = {■^/2Tr} C [0, 1). If 7 > then ^{K) = 1, if 7 = then 
In case (d): I{K) contains 1/2 in its interior and IJ,{K) = 1. 



We shaU now construct an embedding ( 32 ) satisfying conditions (i) and (ii) above 



which is transverse to R in tjj{{l — e, 1) x M/Z) in each case separately. Then, after 
this is done, we will check condition (iii) . For simplicity we will assume that T = 1 
in the following, without loss of generality. 

Case (a). The loop 

(33) M{t) = K{t)(p-^{t) 

satisfies Maslov(M) = —k where fi{(p) = 2k for some fc > 1. Note that t g M/Z 1— >■ 
M{t) G Sp(l) is a smooth map (since so is (p'(p~^). We still write {6,x,y) for the 
new coordinates obtained by composing $ with the diffeomorphism 

(34) H -.il]^ Im(^)V-' 



The linearized A-Reeb flow d(j)j-f. : £,\x{q} — > i\x{Tt) along P is now represented by 

'1 

Kit), 

and the differential of the A-Reeb vector by 

fO X /O 

^ ^ yO — In fly 

We consider e > small and a map F : (1 — e, 1] x M/Z — > M/Z x i? of the form 

(35) F{r,t) = (t, (l-r)cos6(t),(l-r)sin6(t)) 

for some smooth function 6 : M — > M satisfying b{t + 1) = b{t) — 27rfc. Before 
describing b(t) in detail we make some a priori computations. First, the Reeb 
vector can be written as 

R o F(r, t) = R{t, 0, 0) + (r - l)DR{t, 0, 0)a^F(l, t) + 0(|1 - rp) 

1 



(36) 



/cos6(t)\ 



+ 0(|l-rp) 



(1 -r)y 

for r ~ 1. Consider the function 

(37) d(r, t) = dei{drF{r, t),dtF{r, t), R o F(r, t)). 
Then 

/ 1 1 \ 

d(r, i) = det - cos 6 {r - l)b' sinb (1 - r)(lna) cos6 + 0(|1 - rp) 
y— sin6 (1 — r)6'cos6 (r — l)(lna) sin6y 

= -(1 - r)(6' + (Ina) sin26) + 0(|1 - rp) 

for r ^ 1. We found 

(38) a,.rf(l,t) = 6' + (lna)sin26. 
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Since —2Tik < —2tt the function b E [— 27rfc, 0] i-> sin 26 changes sign, and we find an 
non-empty open interval J C (— 27rfc, 0) such that b E J ^ (In a) sin 2b < 0. If a < 
satisfies \a\ > \ \na\ then we may take b(t) satisfying 6' < and b' > a -i^ b E J. 
Thus b'{t) + (In a) sm2b{t) < for every t eR, and d{r,t) 7^ if 1 - r is smaU and 
positive. It follows that the Reeb vector is transverse to the embedded (open) strip 
F((l - e, 1) X M/Z) when e is small. Setting 

(39) h{r,t) = o F{r,t) 

then 

and the non- vanishing vector t 1— > cIttq ■ drh{l,t) has winding number equal to 
around the origin in ]R^. Here ttq : M/Z x is the projection onto the sec- 

ond factor. This follows since Maslov(M~^) = k and 6(1) — 6(0) = —2-Kk. Setting 
tp{r,t) = o h{r,t), ij} satisfies the required conditions. 

Case (b). Assuming a > we have /i(<^) = 2fc + 1 for some /c > and the loop 

M{t) = e'^'''K{t)ip-\t) 
satisfies Maslov(Af) = ~k. As before, t E M/Z ^ M{t) E Sp(l) is smooth. Com- 



posing with the diffeomorphism H (34 1 we obtain new coordinates, still denoted 
(9,x,y), where the linearized A-Reeb flow dcjyj^^ : ^|j(o) — £,\x{Tt) along P is repre- 
sented by e*^'^*-ftr(i) and the differential of the A-Reeb vector by 

where 

i27Tty -i27Tt ^ /-asin(27rt) cos(27ri) -27r + a cos^ {2TTt)\ 



' 27r — asm (27rt) asin(27rf) cos(27ri)y ' 



Setting F{r, t) as in ( 35 1 where the smooth function 6 : M — > M satisfying 6(i + 1) = 



b{t) — 2'Kk will be defined a posteriori. We compute similarly to (36) 

R o F{r, t) = R{t, 0, 0) + (r - l)DR{t, 0, 0)drF{l, t) + 0(11 - rp) 

1 




0(11 -r 



2\ 



If (i(r, t) is the function defined as in ( 37 ) then 

1 

d(r,t) = det ( -cos6 (r-l)6'sin6 [l - r){Se'^) 
-sin 6 (l-r)6'cos6 {l-r){Se''') 

1 1 

det I -1 (1 - r)(e-*''5'e*^) 
(l-r)6' {I ^ r){e-'^ Se'% 

= -(l-r)[6'-(e-'''5e^^)2i]+0(|l- 

= -(1 - r)[6' - 27r + asin2(27ri - 6(t))] + 0(|1 - r|2) 

= -(1 - r)[/?' + asin^ p{t)] + 0(|1 - r|2) 
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where f3{t) = b{t) — 2nt. Let a < satisfy |a| ^ a. In view of the condition 
/3(1) = —2{k + 1)tt < — 27r we may choose 6 > smaU and define /3{t) satisfying 

• /?' < and f5{t) e [-tt, -tt - (5]. 

• /?' < -asin^ (3 when /3(t) e [-tt, -tt - S]. 

Here we strongly use that sin^ /3 = (/3 + tt)^ + 0(|/3 + 7r|^) when /? — tt. In fact, 
consider C > and (5o > small so that — sin^(— tt — < Cx^ ii < x < Sq. 
Take < S < Sq satisfying CS'^ < and -S + 'SaS^ < 0. Let < to < < 1 be 
defined by ato — —tt and —2TT{k + 1) + a{ti — 1) = —tt — S. Note that <o ^ 0+ and 
ti — >■ 1~ as a — > — oo. There exists a smooth function f3 : [to,ti] — M satisfying 

• (3{to) = —TT and /3(ti) = —tt — 5, 

• /3'(io) = I3'{ti) = a and ^(j'(to) = /J^^H^i) = V j > 2 and 

• /3'W<-2(t7^Vte[to,ii]. 

If we extend /3 to [0, 1] by I3{t) = at on [0, to] and /3(t) = -27r(fc + 1) + a{t - 1) on 
[ti, 1] then /? is C°° and we can estimate for t e [to,ti]: 

P'{t) + asin^ /3(t) < -— — + a(/3(t) + + aC(/3(t) + vr)^ 

2(ti — toj 

< -- + + aOT < ^2 ^ 2~ ^ 

If a is close to —oo then the same inequality is satisfied for all t € [0, 1]. 

Thus b' - 2tt + as\T?{2TTt - b{t)) ^ and drd{l,t) ^ for every t e [0, 1]. As 



before we define h{r,t) as in (39) and ■(/' — ° h{r,t). 

The case a < is much simpler since fJ.{^p) = 2k for some fc > 1 and we may 
consider the closed loop M(t) = K{t)cp~^{t) which has Maslov index —k. The 
argument in entirely analogous. 

Case (c). We assume 7 > 0, the case 7 = is left to the reader. The loop 
M(t) — K{t)(p^^{t) has Maslov index —k < in this case, where k is given by 
l^{(p) = 2fc + 1 > 1. This is so since n{K) — 1. Again we change coordinates 
by composing with the diffeomorphism ( |34[ ), and the linearized A-Reeb flow dcjjxf : 
Cls(o) — ^ CU(ft) becomes represented by 1 1-)- K{t). Consequently, the differential of 
the Reeb vector field is 



DR{t, 0,0) = 







We define F(r,t) as in (351 with some smooth function 6 : M M satisfying 



b{t + 1) = b{t) — 27rfc to be constructed a posteriori, and d(r,t) by (37). As before 
we have 

R o F{r, t) = R{t, 0, 0) + (r - l)Di?(t, 0, 0)drF{l, t) + 0(11 - rp) 

(r - l)7sin6(t) ] +Oi\l-r\^). 
(1 — r)7COs6(t) / 
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Thus 

1 1 \ 

d(r, i) = det ( - COS 6 (r- 1)6' sin 6 (r - l)7sin6(i) + 0(|1 - rp) 
— sin 6 (1 — r)6'cos6 (1 — r)7 cos 6(i)y 

1 1 \ 

det I -1 +0(|1 -rp) 

(l-r)6' {l~r)-f) 

= -(l-0(&'-7) + O(|r-lp). 

In this case we simply set 6(<) = — 27rfci, so that 6' — 7 = — 27rfc — 7 < for every 
t. Again we achieved drd{l,t) ^ 0, Vt. As in cases (a)-(b) we set h{r,t) as in (39) 
and V' = o h{r,t). 

Case (d). The loop M{t) = K{t)ip-^{t) has Maslov index -fc < where k is 
given by n{tf) = 2k + 1 > 1. This is so since IJ,{K) = 1. Composing with the 
diffeomorphism (34) we obtain new coordinates and the linearized A-Reeb flow 
d't'Tt '■ CU(o) ~^ Cls(Tt) becomes represented by < i-^- K{t). Consequently, the 
differential of the Reeb vector field is 



We define F{r,t) as in (35) with some smooth function 6 : M — > M satisfying 
b{t + 1) = 6(t) — 27rfc to be constructed a posteriori, and d{r,t) by (37). As before 
we have 

R o F(r, t) = R{t, 0, 0) + (r - l)DR{t, 0, 0)a^i^(l, t) + 0(|1 - rp) 

Thus 

/ 1 1 

d(r, t) = det - cos 6 (r-l)6'sin6 (1 - r){K' K-^e''')ii 
\-sin6 (l-r)6'cos6 {I - r){K' R-^e'^i 

1 1 

-1 {l~r){e-'''K'K-'^e''')ii 
(l-r)6' {l-r)le-'''K'K~^e'^)2i 

Substituting 

In(-a) cos(27rt - 26) -tt + In(-a) sin(27rt - 26) 
^TT + In(-a) sin(27rt - 26) - In(-a) cos(27rt - 26) 

we get 

d{r,t) = -(1 -r)[6' - TT - In(-a) sin(27rt - 26)] +0(11 -rp) 

= -(1 - r)[/3' + In(-a) sin2/3(t)] + 0(|1 ~ rp) 

where f3(t) = h{t)-TTt. The condition 6(1) = -27rfc forces /3(1) = -(2fc + l)7r < -tt, 
so sin 2/3 is forced to change sign. Let J C (— (2fc + l)7r, 0) be an non-empty open 
interval so that (5 £ J ^ ln(— a) sin 2/3 < 0, and pick a number a < satisfying 
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\a\ > I ln(-a)|. We can find a function /3(t) satisfying f3' < 0, P' ^ a (3{t) e J, 
/3(0) = and = -(2A: + l)7r. It follows that P'{t)+\n{-a) sin2/3(i) < for ev- 
ery t G [0, 1], and that b{t) can be smoothly extended to M by b{t + 1) = b{t) — 27rfc. 



Finally we set h{r,t) as in (39) and ■0 = $ o h{r,t) 



In all cases the embedding : (1 — e, 1] x M/Z — S''^ was obtained by the formula 
ili{r,t) = o ff-i o F{r,t) and we checked that d{r,t) = det(9rF, a^F, i? o F) 
satisfies drd{\, t) ^ 0, Vt (here R is the representation of the A-Reeb vector in local 
coordinates). Now consider, for each fc, the function 

dfe(r, t) = dei{drF, dtF, RkoF). 

Then c?fc — >■ c? in C;'^,, so that, in each case, we find fco large and c > satisfying 
k > ko ^ \drdk{l,t)\ > c, \/t. Thus, possibly after taking e smaller, the embedding 
ip is transverse to ifl — e<r<l and fc > fcp, as required. 

Finally note that since wind(A^, W) = the strip S can be glued with the disk 
Vq (away from their common boundaries) to obtain an embedded disk V with all 
the required properties. □ 

Lemma 4.3. Let /ij. : 5'^ — > M 6e a sequence of smooth functions satisfying = 1, 
dhk = on x(M.) and /ifc — > 1 m C°° . There exists a spanning disk D C {S^ , ^) for 
x{M.) such that 

• The characteristic distribution of T> has precisely one singularity. This 
singularity is a positive nicely elliptic point. 

• There is a neighborhood O <Z T> of x{]&.) such that Rk\p ^ TpT> for every 
p (z O \ x{M.), when k is large enough. 

Here Rk is the Reeb vector of /ifcA = hkfXo. If we further assume that hkX are 
non- degenerate contact forms then the disk T> may be arranged to satisfy the above 
properties, and also y{R) (t T> whenever y is a periodic trajectory of Rk satisfying 
y(M) 7^ a;(M), for k large enough. 



Proof. Combining Theorem |4.1| with Lemma |4.2| we get a disk T> satisfying the 
first two conditions. Suppose that hkX are non-degenerate contact forms and let 
/ : D — >■ S*^ be a smooth embedding satisfying V = /(D) and /(O) = e, and fix 
6 > small. Then 

X^{g€ C°°(D, S^) I g{z) = f{z) if |z| < 5 or |1 - z| < S} 

is closed in the complete metric space C°°(D, 5"^). Taking S small and fco large 
we may assume all Rk are transverse to /({l^l < (5 or |1 — z| < S}) if fc > fcg- 
Here we used the properties of T> near the boundary given by Lemma |4.2| For 
fixed fc > fco and periodic trajectory y of Rk satisfying y{M.) ^ a;(M) consider 
^k.y = ^ X \ i/(Ili) C 5(D)}. The Rk have only countably many geometrically 
distinct periodic orbits since the hk\ are non-degenerate, and one easily checks that 
each {Xk.yY is open and dense in X since 2/(K) ^ a;(M). By Baire category theorem 
(Ufc J, -'^fe,!/)'^ is dense in X. Consequently, after a further C°°-small perturbation 
of V supported away from {e} U 52?, we may assume V satisfies all the required 
properties. □ 

4.2. Bishop families and fast planes. Consider the set 

(40) T = {h(z C°°(S•^ M+) I h\ is non-degenerate}. 
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T is residual in C°°(5'',M+). Well-known arguments show that there exists a 
sequence /i^ : 5"^ M of smooth functions satisfying 

(41) hk e J", hk = 1, dh]. = on x(M) and 1 in C°°. 

In the remaining of Section |4] denotes the Reeb vector of A^, = /ifeA. As noted 
before, 1 1— >■ 2:(t) is a f-periodic orbit of R^. 

We now recall how arguments from [TTl [T^] and [111 113 prove the following 
existence result for fast planes asymptotic to P. The sets dAfc) and J'(<^, dA) 
all coincide with J'(^, dAo) and will be simply denoted by J . 

Theorem 4.4. For every k large enough there exists some J ^ J and an embedded 
fast Jk-holomorphic finite-energy plane Wfc : C — >■ M x S'^ asymptotic to P. 



The almost complex structure is defined by ( 10 ) using J and the Reeb vector 



field Rk- The remaining of this subsection is devoted to the proof of Theorem [4.4 



Let V be the special spanning disk for x(M) given by applying Lemma 4.3 to the 



sequence hk (41). For each k define 

(42) areadAfc (2?) = sup | J dXk ■ U CV is openj' 

Since Afe — )■ A we have area^Afc (2?) ^ area^A (2?) . Applying Darboux's theorem we 
find a fixed small neighborhood ^ of e and embeddings : ^ — >■ satisfying 
^'fc(e) = (0,0,0), '^l{dz + xdy) = Afc. By arguments from [6] the disk V may be 
perturbed to another spanning disk T)]. for a;(M) so that 

e e X>fe, Vk\V = V\V and Vu C {z = -\xy} near e. 

Moreover, this perturbation can be constructed so that e is the only singularity of 
the characteristic foliation of Vk and 

(43) supareadAfc(2?fc) = C* < oo. 

fc 

Since V can be chosen arbitrarily small, Vk still satisfies all the properties obtained 
by Lemma |4.3| 

For each J € J and k consider the set A^fc(J) of solutions of the following 
boundary-value problem: 

{j = (a, u) : D ^ M X S'^ satisfies d (u) = 
u is an embedding, a = on 9D and u{dD) C Vk \ {e} 
_ ■w(9D) winds once and positively around e. 

is equipped with its standard complex structure i and its usual orientation, while 



(44) 



V is oriented by Aolra-D > 0. Here Jk is determined by J and Rk as in (10) 



Lemma 4.5 (Hofer). For every k, the set of J ^ J such that A4k{J) 7^ (3 contains 
an non-empty open subset of J . 

Proof. Fix k large. There exists some J that satisfies J ■ = —xdz + dy near 
e in the coordinates {x,y,z) given by the Darboux chart ^k- Then the maps 
ii^ = [ar,Ur) : D ^ M X S*^ defined by 



Oris -\- it) = ^(s2 +<2 _ 1)^ o Uris + it) = {rS^Tt,-^ 



-i^st 
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form a l-paramctcr family of elements of Aiki-J), which converges to the constant 
map (0, e) as r — > 0+. It is shown in [6 that the linearization of the Cauchy- 
Riemann operator dj^ at a given element of A^fc( J) is automatically surjective, with 
respect to a Fredholm theory of disks with boundary on 2?^.. Thus if A4k{J) ^ 
for some J then M.k{J') 7^ for every J' in a neighborhood of J in J'. □ 

Since A is dynamically convex we find fco such that if fc > fcg then all closed 
Afc-Reeb orbits satisfying /icz < 2 have action strictly larger than the constant 



C in (43). Consider for given k > ko and J ^ J the set A^^(J) of non-constant 
finite-energy Jfc-holoniorphic embeddings 

■i = (a, u) : D \ r ^ M X S'^ 
where F C D \ 9D is some non-empty finite set, satisfying 
a EE on and u(9D) C P/c \ {e}, 
u{&&) winds once and positively around e, 
every z G F is a negative puncture and 



(45) 



u*d\k > 0. 



Theorem 4.6 (Hofer, Wysocki and Zehnder). If k is large enough then there exists 
a dense set Jgen{k) such that if J <E Jgen{k) then M1{J) = 0. 

The above theorem, which is proved in [9], roughly follows from the fact that 
the elements of A^^(J) are solutions of a (finite) number of Fredholm problems 
for which the expected dimension of the solution set is negative. Here we strongly 
use that, by Stokes theorem, any given u £ M.\{J) with fc > fco is asymptotic 
at a negative puncture z G F to a closed Afc-Reeb orbit Pz with action < C and, 
consequently, satisfies ficz{Pz) > 3. 

The fundamental result regarding the above defined Bishop families of disks is 

Theorem 4.7 (Hofer, Wysocki and Zehnder). For each k large enough there exists 
J £ J and a sequence {{t„ = (a„,u„)} C Aik{J) satisfying 'iXn(ID') n (M x 5;( 
Vn and u„ Fp in C°°(D \ {0},M x S^). Here Fp : D \ {0} - 
map Fp(e2'^("+**)) = {Ts,x{ft)). 

Sketch of Proof. We fix three leaves li,li,l-i of the characteristic foliation of Dk- 
They have finite length and connect e to the boundary dVk ■ By Lemma |4.5| and 



Lemma 4.6 we find J € Jgen{k) such that Mk{J) 7^ 0- For each u — {a,u) £ 
A4k{J) the curve m(9D) C "Dk \ {e} hits every leaf of the characteristic foliation 
transversely and once. Thus we may define t{u) £ K+ to be the length of the 
piece of h connecting e to u{dD) with respect to some metric. Let uq £ Mk{J) 



be close to the point (0,e), as described in Lemma 4.5 The connected component 
y C M.k{J) containing uq is a trivial principle M6b(D)-bundle over the open real 
interval / = T{y) with projection t : y ^ I , where M6b(D) denotes the group of 
holomorphic self-diffeomorphisms of D. This is proved using the implicit function 
theorem, see [Bj for details. There is a unique global section t £ I = {a*,u*) 

satisfying r({t*) = t, u{z) £ Iz for z £ —1}. Let t* — sup / and t be the length 
of li. We follow [m [12] closely. A non-trivial intersection argument shows that 
u{p) n E X x{R) = for every u £ y, and a bubbling-off analysis proves that the 
family {u*} has uniform C°°-bounds on a fixed neighborhood of 5D. Take {t„} C /, 
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— > t*. If the sequence {m*"} is C^-bounded then, up to a subsequence, we may 
assume u*" — > u. It is possible to show that u £ y and, by the imphcit function 
theorem, r takes values larger than t* on 3^, a contradiction. Thus bubbling-off 
occurs and one finds a non-empty finite set F C D \ 9D and a non-constant finite- 
energy Jfc-holomorphic map v — (6, : D\r — > Mx S''' such that, up to selection of a 
subsequence, -S*" 5 on C;'^^(D\r) as n -J> oo. Note that E{v) < sup„ E{u*") < C. 
v{dD) C Pfc \ {e} winds positively and once around e and v is an embedding. Then 
J v*dXk ~ since J e Jgen{k) and fc was fixed large enough. It follows that 
w(D \ r) C x(]R) for some periodic Afc-Reeb orbit and, by the properties of Vk, we 
must have a;(M) = x{M.) and #r = 1. Up to reparametrization by an element of 
Mob(]D)) we may assume F — {0}. Hence t* = i and the argument is complete. □ 

From now on we follow closely the arguments from |16l 117] . We fix k large and 



consider J and the sequence {t„ = (a„,u„) G A^fe(J) given by Theorem 4.7 Let 
cr(C) > be small enough so that 

• Every closed Afc-Reeb orbit has action strictly larger than cr(C). 

• If f" = {x',T') and P" = (x",T") are closed Xk Reeb orbits satisfying 
T',T" < C and T' 7^ T" then |T' - r"| > a{C). 

Fix e > small enough so that 

/ <dAfe -f< cr(C)/2, for n > 1. 

JS,(0) 

Note that e exists since rn^ = lim„_>.oo /g (q) W^dX^ exists for every r > and 
rrir — > T as r 0. Following |14| . we take z„ € D satisfying a„(z„) = infn a„ and 
(5„ > such that u'^dXh integrates to (t{C) over B^{0) \ Bs^{0). Then z„ and 
(5„ 0. Choose i?„ — > 00 such that — >■ and define 

(46) Vn = ib,v):BR^{0)^RxS'' 

by = anizn + Snz) - Unizn + 2Sn) and i;„(z) = ■ti„(z„ -|-(5„z). Up to the choice 

of a subsequence we find a finite set Fi C C and a finite-energy J^-holomorphic 
map ti : C \ Fi M X 5*3 such that 

«„^i)inQ?,(C\Fi). 

Clearly < sup„i5('D„) < sup„ i?({t„) < C. Fi consists of negative punctures 

and E{v) > if Fi ^ 0. If Fi = then 

T < uldXk = / uldXk + / uldXk cr(C) -1- / v*dXk 

JB,(0) JB,(0)\B5„(0) JBs^iO) Jo 



which proves E{v) > in this case as well. By Theorem 2.10 v is asymptotic to 
some closed Afc-Reeb orbit at the (unique) positive puncture 00, and using results of 
finite-energy cylinders with low dAfc-area one can prove that this asymptotic orbit 
is P. Here it is crucial that Afc is non-degenerate. 

Lemma 4.8. J^-^-p^ v*dXk > 0. 

Proof. If not then, by Theorem |2.18[ there is a non-constant polynomial p : C — > C 
such that Fi = p~^(0) and v = Fp op. Here P = {x,T) is some simply covered 
Afc-Reeb orbit and Fp : C \ {0} ^ M x SMs the map z = e2^('*+") ^ {Ts,x{Tt)). 
It is easy to see that e Fi since 6„(0) ~ infs^^(o) and points of Fi are negative 
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punctures. Since P is simply covered we have P = P and p{z) = Az for some 
A ^ 0. We can estimate as above 



> u*^dXk - T = / u*^d\k + / u*^dXk - T 

^ -I B,(0) Jb,{0)\Bs„{0) Jbs„{o) 

^cr(C)+ / v*Xk-T = (7{C)+T-T = cr{C) 
Jdn 

which is a contradiction. □ 

Let us fix a non-vanishing global section 
(47) Z -.S^ ^S,. 



Lemma 4.9. Consider the projection tt^ : TS^ — > ^ along the Reeb direction 
Then tt^ • dun does not vanish over D when n is large enough. 



k- 



Proof. If n is large then, in view of Theorem |4.7[ it„(9D) C O, where O C V^. 
is a neighborhood of dVk = x(M) satisfying p £ \ ^ Rk\p ^ TpVk. In 

the following we introduce polar coordinates (r, 6) E (0, 1] x M/27rZ ~ D \ {0} and 
denote by deUn and drUn the corresponding partial derivatives. If z e 9D and 
TTfc • dun{z) — then = Afc • dgUn{z) ~ drOniz), contradicting the strong maximum 
principle (Aa > 0). 

Let be a vector field on 2?^ parametrizing the characteristic foliation of 2?^ 
which points out of Vk at the boundary. Then V has a unique non-degenerate 
source at e. We claim that dgUn{z) and V o u„(z) are linearly independent in 
CU„(z) for every z € 3D and n large enough. If not we find ci, C2 G M, z € 3D and 
n so that u„(9D) C O and 



= ciTTfe • deUn{z) + C2V{u„{z)) = TTfc • {cideUn{z) + C2V{u„{z))). 

Consequently cideUn{z) + C2V{un{z)) e RRk\u„(z) H Tu^[z)'Dk — which implies 
cidgUn{z) + C2V{un{z)) = since u„(z) G O \ Vz e SD. If ci = then 

C2 = because V does not vanish on w„(9D). If not then Xk vanishes on dgUniz) 
contradicting the strong maximum principle. In particular we showed 

wind(7rfc • deunie'^^'), V o u^ie'^^')) = 0. 

By Theorem 4.7 the embedded loops t u„(e'^'^*) are transverse to ^ and bound 
a disk Fn in 2?^ containing e, when n is large. Since e is the only (positive) zero of 
the section V of ^|f„ standard degree theory gives 

wind(l/ o u„(e'2^*), Z o w„(e'2"'*)) = 1. 

If X + iy are standard holomorphic coordinates on D then, since tt^ • dun does 
not vanish over dD when n 3> 1, we get 

wind(7rfc • 9,u„(e^2.*),7rfe • deu^ie'^^')) = wind(l, ie'^-*) = -1. 

All the above winding numbers were computed endowing ^ with the orientation 
induced by dXk, see Remark |2.13[ Finally we compute 

wind(^fc • a,M„(e'2-*), Z o M„(e'2.*)) = wind(7rfc • a,u„(e'2.*), tt^ • 9eUn(e^'"*)) 

+ wind(^fc • dgUn{e'^''')),V o u„(e^2.*)) 

+ wind(y o w„(e''"*), Z o u„(e*2'^*)) 

= -1 + 0+1 = 0. 
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Thus TTfc • dxUn{e^'^^*) does not vanish when n is large enough. □ 
We will now use lemmas 14.81 and 14.91 to show that v is an embedded fast finite- 



energy plane. In view of Theorem 2.10 and Definition 2.9 there exists Rq > 1 such 
that TTfc • dv{z) 7^ if \z\ > Rq. li R > Rq is fixed then 

wind(7rfc • drv{Re'^''^),Z o v{Re'^''*)) 
= lim wind(7rfe • drvjRe'^""), Z o w„(i?e^2'^*)) 



~ lim wind ttj. 



(48) 



dp 



p=i 



= lim wind(7rfe • 9^M„(e*2'^*), Z o M„(e*2'^*)) 

n—^oo 

= lim wind(7rfe.9,w„(e'2.t)^^^ .5^^^(g»2.t)) 

n— J-oo 

+ hm wind(7rfc.a,u„(e'2.t)^^^^^(g^2.t)) 



■n.— )'00 

= 1 + = 1. 



In the third and fourth equalities we strongly used Lemma |4.9[ Z o t; is a non- 



vanishing section of u*f and (48) implies 



windoo(w, oo, Z o v) 



-1. 



See section 2.2.4 for the definitions. Note that v is asymptotic to Afc-Reeb orbits 
{Pzjzgr with action < E{v) < C. Consequently, since we assumed k is large, 



fJ-CziPz) > 3 for every z e F. By Theorem 2.11 windool^, 2:, Z o u) = wind(e,Z) 
for some eigenvector e of the asymptotic operator Ap^ satisfying Ap^e — ve with 
v > Q. The inequality pcziPz) > 3 implies 

windoo {v, z, Z o v) > 2. 

It follows from Lemma 12.151 that 

< winder (w) = windoo (w) - 2 + #ri + 1 

< i-2#ri-2 + #ri + i = -#ri 



(49) 



which proves Fi = and w is a fast plane. It only remains to show that v is 
an embedding. It is an immersion since wind,r('5) = implies tt/j • dv has no 
zeros. Since v is somewhere injective (P is simply covered), self-intersections are 
isolated. But if v has self-intersection points then positivity and stability of self- 
intersections of pseudo-holomorphic immersions implies that the disks t2„ have self- 
intersections. This would be a contradiction since the Un are embeddings. The 
proof of Theorem |4.4| is complete. 



4.3. Obtaining fast planes in the degenerate case. We still consider an ar- 



bitrary sequence hk as in (41), and the contact forms Afe = h^X = hkfXo- Then 



P = (a;, T) is a prime closed orbit of the Reeb vector field Rk associated to Afe. We 
let (Tfc > be a constant defined as in the previous subsection, satisfying: 

• Every closed Afe-Reeb orbit has action larger than a^- 

• If P' = ix',T') and P" = (x",T") are closed Afc-Reeb orbits satisfying 
T', T" < T and T' ^ T" then \T' - T"| > cTfc. 
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Let J E J', k he a fixed large integer and iJ C M x 5'^ be a compact set. 
Consider the set A(fc, J, H) of embedded fast finite-energy Jfe-holomorphic planes 
u — {a, u) : C ^ R X asymptotic to P satisfying the normalization conditions 

(50) u{0)£H, J„u*dXk=T-<Jk. 



Here is the almost-complex structure defined as in ( 10 1 using the vector field Rk 
and the given complex structure J : ^ — >■ ^. The following statement is Theorem 
2.2 from [1^] applied to our particular situation. The arguments are implicitly 
contained in Appendix [A} 

Theorem 4.10. Suppose every X^-Reeh orbit P — {x,T) with T < T satisfies 
f^cz{P) > 3. IfHDRx x{R) ^ then A{k,J,H) is Cf^^- compact. 

It is important to note that the choice of J G J' in the statement above is 
arbitrary. The next statement is a direct application of Theorem 2.5 from [ 16| to 
our case. 

Theorem 4.11. Let J E J and k he such that there exists an embedded fast 
finite-energy Jk-holomorphic plane asymptotic to P. Suppose that A{k,J,H) is 
Cf^^- compact for every compact subset H C R x satisfying _ff n M x x{M.) = 0. 
Then for every I > 1 one finds a C' -map 

u = (a, u) : R/Z x C ^ M x S'^ 

satisfying: 

(1) Each u{'d, •) is an embedded fast finite- energy Jk-holomorphic plane asymp- 
totic to P. 

(2) C) n x{R) = V-i? e R/Z and the map u : M/Z xC^ x{R) is an 
orientation preserving -diffeomorphism. 

(3) Each u{d, C) is a global surface of section for the X^-Reeb flow. 

There is an important consequence. 

Lemma 4.12. Every periodic X-Reeb orbit geometrically different from P links 
non-trivially with P. 

Proof. It is important to note that, as our arguments show so far, the conclusions 
of Theorem |4.4| and Theorem |4.10| are true for a sequence of contact forms gkX, 



where {gk} is an arbitrary sequence of functions as in (41). Let us suppose, by 
contradiction, that there exists some A-Reeb orbit P = {x,T) satisfying x{R) ^ 
a;(]R) which is not linked to P . We find a sequence gfc : 5'^ — )■ R of smooth functions 
satisfying gj, — > 1 in C°°, gk = \ and dg^ = on xiR) U x{R), such that gkX are 
non-degenerate contact forms. In particular, P and P are periodic orbits for the 
Reeb flow of gkX. If k is large enough the conclusions of theorems |4.4| and |4. 10| are 
true for the contact forms gkX. Then, by Theorem |4 . 1 1 1 every periodic Rceb orbit 
for the Reeb flow of gtX (geometrically distinct of P) is linked with P, but this 
contradicts the fact that P is not linked to P. □ 

Our goal is now to produce fast planes in the degenerate case. The first step in 
our construction is the following lemma asserting that if fast planes exist then they 
exist abundantly. The proof is postponed to the appendix. 
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Lemma 4.13. Let M be a closed 3-manifold equipped with a non-degenerate contact 
form a such that Ci(C)|7r9(Af) = 0, where ^ = kera is the induced contact structure. 
Suppose P = (x, T) is a prime closed a-Reeb orbit and let J^fast{P) be the set of da- 
compatible complex structures J : ^ — > ^ such that there exist embedded fast finite- 



energy J -holomorphic planes asymptotic to P. Here J is defined as in (10 1 using J 
and the Reeb vector field of a. If every contractible a-Reeb orbit P' — [x' ,T') with 
T <T satisfies ^lcz{P') > 3 then either Jfast{P) = Ji^,da) or Jfast{P) = 0- 

The second step is to prove 

Lemma 4.14. For every p £ \ a;(]R) and every J G J^{^,d\) there exists an 
embedded fast finite- energy J -holomorphic plane u = (a, m) : C — > Mx 5'^ asymptotic 
to P and satisfying p S u{C). 



The remainmg of this subsection is devoted to the proof of Lemma 4.14 Let us 
fixp€ x(R) and J e J{^,dX) arbitrarily. Since A is dynamicaUy convex we 
find that if k is large enough then the conclusions of Theorem |4 . 4| and Theorem 4.10| 
are simul taneo usly satisfied for the contact form . In view of Lemma |4.13 and 
Theorem 4.11 we obtain, for k large, an embedded fast Jfc-holomorphic plane Uk = 
{ak,Uk) asymptotic to P satisfying p e Mfe(C). Here Jj, is the M-invariant almost 
complex structure on M x S*^ given hy Jk ■ da = Rk, Jk\^ = J where Rk is the Reeb 
vector field associated to A^. Setting J hy J ■ da = R, = J, then J/j, — )• J in 
C°°. We would like to examine now the limiting behavior of the sequence Uk- 

Let 7 > be a number so that -f < T' for every closed Reeb orbit P' = {x' , T') 
of A and of Afc, for every k. After reparametrizing we may assume 

(51) JgUldX^f-^ and afc(O) = infc aj,. 
As usual, consider 

(52) F = {z G C I 3zj —5- z and kj such that \dilkj{zj) \ — >■ oo}. 

By Lemma 2.20| we may assume, up to the choice of a subsequence, that ffV < 



oo. (51) implies F C D. Choosing a further subsequence, we find a smooth J- 
holomorphic map m = (a, u) : C \ F — > M x S''^ satisfying Ufc — >■ u in C^^{C \ F) and 
E{u) < T. We claim that u is non-constant, which is obviously true if F 7^ 0. If 
F = then this follows from J^u* dX = f - > 0. 

The following statement is Lemma 6.24 from [TS]. Its original proof is contained 
ini. 

Lemma 4.15. If a is a contact form on andw is an embedded fast finite- energy 
plane in R x asymptotic to a closed (necessarily prime) Reeb orbit P ~ {x,T) 
satisfying ficziP) > 3 then w{C) n M x i(M) = 0. 

Lemma 4.16. 3c G M such that ■u(e2^("+")) xift + c) m C°°(M/Z, S*^) as 
s — ?> +00. 



Proof. As explained in [5], see 2.2.2 it is always possible to define the mass at a 
puncture z of u by 



m = — lim / u* X. 

m = <^4> z is removable. Each z G F is non-removable and negative, from where we 
conclude 00 is a positive puncture. By the fundamental results from [5], for every 
sequence i?„ — ?> 00 one finds a subsequence Rn ^ a real constant c and a periodic 
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A-Reeb orbit P ~ {x,f ) such that u(i?„^e*^'^*) -> x[Tt) as j — > oo. Arguing by 
contradiction, assume P ^ P. HP and P are geometrically distinct then, when j 
is large, M(i?„^e*^^*) is linked to P in view of Lemma 4.12 Since for every j one 



has Mfc(i?„^e ) — >■ u(i?„^.e'^^*) then u/c(i?„^e ) is also linked to P when j and 



4.15 



If P and P 



k are large. Therefore iifc(C) n M x contradicting Lemma 

are not geometrically distinct then P = {x,NT), for some N >2. But this implies 
E{u) — NT > T, again a contradiction. □ 

Lemma 4.17. F = 0, n ■ du does not vanish and 

lim wind{t i— )• tt • dsu{s, t),t t-^ Z o u{s, t)) = 1 

S— 5- + 00 



where u{s,t) — u(e'^'^(''+**') and Z is the global non-vanishing section {47 \ 



Proof. If r = then J^u*dX — T — j > 0. Assume F 7^ and tt • du vanishes 
identically. In view of Lemma |4.16| and of Theorem |2.18| we have #F — 1 and, 
moreover, there are complex constants A 0,D such that u{z) = Fp{Az + D), 
where Fp{e'^<'+^*^) = {fs,x{ft)). If \A/D\ < 1 then 



T = 



u* \ = lim 
fe 



tdX = T - 



7, 



an absurd. Thus F = {~A/D} C 9D and we find z' close to —A/D such that 
a(z') < a(0) — 1, implying ak{z') < afc(O) for fc large and contradicting (51 1. We 



showed F 7^ ^ / u*dX > 0. 

As observed in the proof of Lemma 4.16 any given z g F is a negative puncture 
and we can find pn — > 0+ and a periodic A-Reeb orbit P' — {x',T') such that 
u{z + p„e*27rt) ^ ^/(j./^ ^^^^ fQj. gQj^g c G M. Since / u*dX > we have T' < T, 

and this implies P' and P are geometrically distinct since P is pri me. Fixing n 
large we conclude that u{z + pnC*^'^*) is linked to P by Lemma 4.12 and hence so 
is Uk{z + Pne*^''*) when k is large. Consequently Ufc(C) n M x a;(]]i), contradicting 
So far we showed F = and / u*dX > 0. 

+00 such that TT • c?u(p„e'^^*) 7^ 



Lemma 



4.15 



By the similarity principle there exists p„ 
0, Vt. Since 'wmd-rr{uk) = for each fc, we compute for any fixed n: 

wind(t h^TT • dsu{pne'^''*),t ^ Zo u{pne'^''*)) 

= limwind(i tt • 9sWfc(/0„e'^''*), i i-^ Z o Ufe(p„e'^'"')) 



= lim ({algebraic count of zeros of tt • duk on i?p„} 



1) = 1 



Taking the limit as n — > +00, we use standard degree theory to conclude that the 
algebraic count of zeros of tt • c?u on C is 1 — 1 = 0. The proof is complete since all 
zeros count positively. □ 

So far we have proved that u is a J-h olomorphic finite-energy plane asymptotic 
to P only in the sense of Lemma 4.16 If we can show 00 is a non-degenerate 



puncture of u (in the sense of Definition 2.9 1 then it will follow from Lemma 4.17 
that u is a fast plane. 

The following statement is a combination of the non-trivial lemmas 8.1 and 8.3 
from [13]. 
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Lemma 4.18. Given any Martinet tube {U,"^) of P, there exists Rq > such that 
IJj, Ufc(C \ C U and, moreover, if we write 

*o7ife(e2"(^+'*)) = {akis,t),ek{s,t),Xkis,t),ykis,t)) for e^^' > Rq 
then one finds constants Ck,dk G M such that 

lim sup IDI^ Xk{s, t)\ + \D^yk{s,t)\ = 

lim sup\D^[ak{s,t) - fs - dk]\ + \D^[9k{s,t) ~ t - Ck]\ ^ 

for every partial derivative — d^^ ^ . Similar statements hold for the functions 
{a{s,t),e{s,t),x{s,t),y{s,t)) = * o u(e2'^(''+^*)). 



2.7 



We choose a Martinet tube (U, for A and P, as described in Definition 
so that the section t i— > o x{Tt) of extends as a non-vanishing section 

for every disk spanning P. _B C C is an open ball centered at the origin and 
\I' : J7 — )■ M/Z X i? is a diffeomorphism satisfying the following properties. 

(1) ^{x{Te)) = (6*, 0,0), ye e m/z, 

(2) ^*{g{de + xdy)) = A for some smooth g : M/Z x S ^ M+ satisfying g = T 
and = on K/Z x 0. 

It follows from the particular form of the Afc that 

^*Xk= g^{d6 + xdy), g'^^ginC^^, 5'= = T and ee on M/Z x {0}. 

We shall write dg, dx,dy for the vectors 'i*dg, 'i'*dx,'i'*dy. In the frame {dx, —xdg + 
dy} the almost complex structure J is represented by a matrix 

' Jii J12 

vi21 322 

The Reeb vector Rk associated to A^ is represented in these coordinates by 

Rk = ig'r'ig'^ + xgtg'y - xgl-gl) = (rIrIrI). 

An analogous formula, with g in the place of g'', holds for the Reeb vector R = 
{R^,R'^,R^) associated to A. Set 

Y, = {RlRl), Y = {R\R^) 

and 

D'^{e,z) = j^Y^{e,Tz)dT, D{e,z) = j^Y'{e,Tz)dT 

where the prime denotes a derivative with respect to the variable z — {x,y). By 
Lemma [4.18| we can find sq ^ 1 so that the functions 

Zk{s,t) = {xk{s,t),yk{s,t)), z{s,t) = {x{s,t),y{s,t)) 

(53) D''is,t)^D\ek{s,t),Zk{s,t)), D{s,t) = D{0{s,t),z{s,t)) 

f{s, t) - ]{9k{s, t), Zk{s, t)), j{s, t) = j{9{s, t), z{s, t)) 

are all well-defined. Here a, Ok, 9, 9k,x,Xk,y and yk are defined as in the statement 
of Lemma |4.18[ Then Cauchy-Riemann equations can be written as 

dsOk - g''{9k,zk){dt9k + Xkdtyk) ^ 
dtak + g^{9k-, Zk){ds9k + Xkdsyk) = 
and 

(55) dsZk + i''{s,t)dtZk + Sk{s,t)zk ^ Q 



(54) 
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where Sk{s,t) = [dtaki ~ dsak3*'{s,t)]D^{s,t). The map S{s,t) is defined analo- 
gously. Similar equations hold for a{s,t), 9{s,t) and z{s,t). 
Let us consider 

Snt) :=-Tj(t + Cfc,0,0)n(i + Cfc,0,0) 
^ ' S°^it) ■.= -fj{t + c,0,0)Y'{t + c,0,0) 

where Cfc,c G [0, 1) are constants such that Uk{s,t) — > x{T{t + cj.)) and u{s,t) 



x{T{t + c)), as s — > +0O. Wc must have Ck — ^ c. Lemma 
the functions and g readily imply that 



4.18 



and the properties of 



hm sup|Z?^[5,(s,i)-5rW]l = 0V7, 

'^+°° t,k 



(57) 



lim sup|i:i'^[S'(s,t) - ^""(t)]! 

s— ^+oo I 



V7. 



lim SMY>\D"'[S^{t)- S°°{t)]\=Q\/m. 



Note that — j(t + Cfc,0, 0)9t — S'^{t) is the representation of the asymptotic 
operator at P of the contact form with respect to the dA^-symplectic frame 
{ej = d,/^,e^ = {-xde + dy)/^}. Analogously, -j{t + c,0,0)dt - S°°{t) 
represents the asymptotic operator at P of the form A with respect to the dX- 
symplectic frame {ei — dx/y/g, £2 = {—xde + dy)/y/g}. 

Take a smooth function M : M./Z x i? — > Sp(l) satisfying 

(58) M{9, X, y)j{0, x, y) = J^M {9, x, y) for aU {6, y) G M/Z x B. 

M exists since J is compatible with d\ and d\k Vfc. Setting 

Ak{s,t) = M{9k{s,t),Xkis,t),yk{s,t)), Ck{s,t) = Ak{s,t)zkis,t), 
Ak{s,t) = (AkSk - dsAk - JodtAk)A~^ 

where 5^ = Sk{s,t) and Ak 

(60) 



(59) 



Ak{s,t) then, in view of (551 
dsCk 



JodtCk + AfcCfc = 0. 

Defining functions A, A and C, of (s, t) analogously using Af , S and z we obtain the 
corresponding equation 

(61) d,C + JodtC + AC = 0. 

Defining 

C^it) = {M{t + Ck, 0,0)S^it) - JodtM)Mit + Ck, 0,0)-^ 
C{t) = {M{t + c, 0, Q)S°^{t) - JodtM)M{t + c, 0, 0)"^ 



(62) 



then Lemma 4.18| and ( 57 1 together imply 



(63) 



lim snp\D'>[Ak{s,t) - C^{t)]\ = V7, 

lim sup|L''^[A(s,i)-C°°(t)]| = 0V7. 
lim sup\D"'[C^{t)-C°^{t)]\^Oym. 



One checks that —Jodt — C^{t) and —Jodt — C°°{t) are the representations of the 
corresponding asymptotic operators at P with respect to other symplectic frames. 

The following proposition should be seen as some kind of uniform asymptotic 
analysis. The proof is postponed to the appendix, the arguments are essentially 
found in [7]. 
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Proposition 4.19. Suppose the maps Kk : [0, +oo) x M/Z M^^'^^n > 
K^,K°^ : M/Z ^ Ig2nx2n sTuooth and satisfy: 

(1) K^{t), K°^{t) are symmetric Vt, and K°° in C°° as k ^ +oo. 

(2) lim,^+^sup,,, \D^[Kkis,t) - K^{t)]\ = V7. 

Consider the unbounded self-adjoint operator L on L^(M/Z,M'^") defined by 

Le = - Joe- K°°e. 

Denote E ^ ([0, +00) xM/Z,]R2n) some 6 < and I > 1. Suppose 

{Xk} C E are smooth maps satisfying 

(64) dsXk + JodtXk + KkXk = Vfc. 

If 5 ^ u{L) and X^ is Cf^^-bounded then {Xfc} has a convergent subsequence in E. 

K — Z o x{Tt) is a non- vanishing section of the bundle (xj-)*^ which extends 
to any disk spanning P. Since the contact forms are non-degenerate and C°°- 
convergent to A, and the Conley-Zehnder index of P viewed as Afc-Reeb orbit is 
> 3 if fc is large enough, there exists (5 < such that the eigenvalues with winding 
1 with respect to k, of the asymptotic operators at P corresponding to A^ are less 
than 25. This follows from the description of the Conley-Zehnder index via self- 
adjoint operators described in |2.1.2[ and from the continuity of the spectrum of 
the asymptotic operators with respect to small perturbations of the contact form. 
Also, 5 can be chosen so that it does not lie on the spectrum of the asymptotic 
operator at P corresponding to A. By the identities windoo('Sfe) = 1 we know that, 
as explained in Remark |2.17[ the asymptotic eigenvalue of is < 25 for every k. 

Using the number 5 and an arbitrary choice of / > 1 to define E as in the 



statement of Proposition 4.19 we conclude from Theorem 2.11 that all the zi^{s, t), 
and consequently also the C,k{s,t), belong to E. Note that — )■ C in C^^. In view 



of (631 we can apply the above proposition to conclude that, up to selection of a 
subsequence, Cfc converges in E. This implies that Q ^ E and Qt^ ^ C, va E. In 
particular, since I > 1 was arbitrary, one finds < r < —5/2 such that 

(65) limsupe''"|i:''^z(s,t)| = 0, V7. 
Let us denote 

p - (^k{s,t) ~-Ts-dk\ 
^'^'^'^-\9,{s,t)-t-c,)- 

Then, using ( 65 1 and ( 54 ) , we have an equation 

dsFk + (^/i dtFk -f Afc = 

for some sequence of functions lS.k{s, t) satisfying 

lim supe''"|£''^Afe(s,t)| = 0. 

One can now argue as in [7, to get r > (independent of fc ^ 1) satisfying 
lim supe''"|D'^i^fc(s,i)| =0, V7. 

In particular, taking the limit as fc — >■ 00, we conclude that 

(66) e''"|6'(s,i)-i-c| ->0 as s ^ +00. 
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Equations (65) and (66), together with Lemma 4.16 and Lemma 



4.17 imply that 
OTThis shows 



u has a non-degenerate puncture at oo, in the sense of Definition 
M is a fast plane. 

It remains to check that u is embedded. By Lemma 4.17[ u is an immersion. 
Self-intersections of ii must be isolated since, otherwise, one could argue as in [8 us- 
ing Carleman's similarity principle to conclude that u is a non-trivial cover of some 
(somewhere injective) finite-energy plane. This would imply that P is not simply 
covered. Thus, self-intersections of u must be isolated. Stability and positivity of 
intersections would provide self-intersections of the Uk for k large enough, a contra- 
diction. Consequently, u has no self- intersections. If w/c G C satisfies Uk{wk) — p 
then supj, |wfc| < oo by Lemma 4.18 so we may assume {wk} is convergent in 
It follows that p ^ u{ 



and Lemma 4.14 is proved 



4.4. Constructing the global sections. The construction of an open book de- 
composition with disk-like pages and binding P follows arguments from [13 which 
are standard by now. Applying Theorem 2.3 from 16J to our situation we get 

Lemma 4.20. Let J G J^(S,,dX) and u ~ {a,u) be an embedded J -holomorphic 
fast finite- energy plane asymptotic to P. Then u(C) D x{R) = and u : C — )• 
\ x{M.) is a proper embedding. Moreover for any I there exists a C'' -embedding 
/ : C X i?r(0) — 7> M X S*^, where Br{0) C denotes the ball of radius r centered at 
the origin, satisfying: 

(1) Each f[-,T), T G Br{Q), is an embedded fast finite- energy J -holomorphic 
plane asymptotic to P and f{-,0) ~ u. 

(2) If Tq G i?r(0) and iik are embedded J -holomorphic fast finite-energy planes 
asymptotic to P satisfying uu fi'iTa) ^j^c' t^^'"^ there exist Tk tq 
and complex numbers Ak — > 1, Bk — > such that Uk{AkZ + Bk) = f{z,Tk), 
Vz G C. 



Note that we need no generic assumptions on A, like being non-degenerate or 
Morse-Bott. We refer to section 6 from [TH] for details. 

We also need an uniqueness statement for fast planes which is lemmas 6.23 and 
6.25 from \13i combined. The proof is exactly the same of that of Theorem 4.11 
from [g. 

Lemma 4.21. Let u = {a,u) and v = (b,v) be embedded fast finite-energy planes 
asymptotic to P. Then either u{C) = v{C) or u(C) n v{C) = 0. In the first 
case one finds complex constants B and A ^ and a real constant c such that 
u{Az + B) = (biz) + c, v{z)) Vz G C. 



4.14 



Let pq £ S^\ x{M.) be a recurrent point for the Rceb flow (j)t. Using Lemma 
we find an embedded fast finite-energy plane u* = (a*, u*) asymptotic to P satisfying 
it*(0) = (ptipo) and a*(0) = 0, for every i G M. The Reeb vector field R is transverse 
to u°{C) since wind^(w°) = 0. Thus 

C = {iGM|</)t(po)et^°(C)} 

is discrete, non-empty and closed. Our assumption on po implies C \ {0} ^ and 
we will denote To = inf C n M+ > 0. Then u^"(C) = by Lemma [421 



Lemma 4.22. If < t' < t" < To then u*' 
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Proof. We argue by contradiction and assume it* (C)nu* (C) 7^ 0. By Lemma 4.21 
we must have 11 := u* (C) — (C). Thus t' > by the definition of Tq since 
t" < Tq. We can concatenate the path t € [t' , t"] 1— 4>t{po) to a path contained in 11 
to obtain a closed loop F in S*^ \ F intersects each plane {u*(C) \ t' < t < t"} 

transversally and positively, thus F is linked with P. Consequently F must also 
intersect u°(C), again a contradiction to the definition of Tq. □ 

As before we consider a constant 

< 7 < inf{r \P^{x, T) is a closed Reeb orbit of A}. 

Lemma 4.23. If Vk = {bk,Vk) andv = {b,v) are fast embedded finite- energy planes 
asymptotic to P satisfying ^ v in Cf^^, and Jj^v^dX = T — 7 then for every 
neighborhood U of x{R.) there exists Rq > such that \z\ > Rq ^ Vk{z) G U. 

Proof. This proof is essentially the proof of Lemma 8.1 from [13j. Let U be any 
given neighborhood of x{M.). Assuming the lemma is false we find Zfc € C satisfying 
\zk\ ~> +00 and Vk{zk) G dU. Defining {sk,tk) by Zk ~ g27r(sfc+itfc)^ -^g j-^^y consider 
a sequence Wk — {dk,Wk) : M. x R/Z ^ R x of finite-energy J-holomorphic 
cylinders defined by 

dkis,t) = 6j^(e2'^((-+^'«)+«(t+t'=))) „ bkizk), Wk{s,t) = „^(e2'^((''+-*=)+»(*+**=))). 
For any fixed L > our assumptions on the ijk imply that 

wldX < 7 



I 



when k is large. Thus \dwk \ is C^^^-bounded by Lemma 2.20 Since Wk (0, 0) € x S*^ 



Vfc then, up to the choice of a subsequence, we may assume Wk ^ w = {d, w) in 
^loc where i&iExE/Z— ^MxS'^isa finite-energy J-holomorphic map. Moreover, 
J w* dX < J and we may estimate 

x*j,X- 1 Wk(s,-)*X< i vldX<-f, ys eR. 



T> / w{s,-)*X>T ~j, Vse 



This implies 



Thus It; is not a constant map, and if we identify R x R/Z ~ CP^ \ {0, 00} via z ~ 
g2ir(s+it) is a non-removable negative puncture. Let us choose an arbitrary 
sequence s„ — )■ —00. By results from |S] s„ has a subsequence, still denoted s„, 
for which the following holds: there is a periodic Reeb orbit P^ — {x^ , T^ ) and a 
constant c € K such that it;(s„, t) -)• x-iT't + c) in C°°(R/Z, S^) as n — )• c». 
We claim P~ is geometrically distinct of P. If / w*dX = Q then, by Theorem 



2.18 



we know that wiR x M/Z) C M x Consequently x~(K) contains a point 

in dU , proving our claim in this case. If J w*dX > then, by Stokes Theorem, 
< T, again implying our claim since T is the minimal period of x. 
Consequently, P^ is linked to P and, fixing n large enough, so is the loop 
t H- >■ w{sn,t). Now fixing k large we conclude that t 1— )■ Wfe(i?„e'2'^*) is linked to P 
where i?„ = g^'^*". This implies intersections of Vk with R x x{R), contradicting 
Lemma 1^201 □ 
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Lemma 4.24. For every to e R and I > 1 there is a C^-map F ~ {F[,G) : 
C X Ie{t{)) — > M X 5"^ such that each F{-,t) is an embedded fast finite- energy plane 
asymptotic to P and, moreover, that G : C x Ie{ta) —^S^\ x{R) is an embedding 
satisfying G{t, 0) = 0t(po) and t) = u\£) Vi G h{to) = (to -e,to + e). 



Note that, by Lemma 



4.21 



G(C,i) = u*(C) follows from G{t,Q) = 4>t{po). Note 
also that the maps G{-,t) and might be different. 



Proof. Consider the C'-embedding f : C x Br{0) 



X S*"^ given by Lemma 



4.20 



satisfying f{-,0) = Since the curve t {O,(j)t{po)) is transverse to u^°{C) 

a.t t = to, we find a small interval / around to and unique G'-smooth curves 7 : 
/ Brio) and C : / C satisfying -f{to) = 0, 7' 7^ on /, ((^o) = and 
/(C(<),7(i)) = (O,0t(po))- Let t G / G C \ {0} be a G'-smooth function 

such that the planes z f{C{t) + A{t)z,'^{t)) have dA-area on D equal to T — 7. 
Then 

F{z,t) = iHiz,t),G{z,t)) = fiCit) + Ait)z,jit)) 

is a G' map defined on C x /. Note that DG{0,to) is non-singular since R is 
transverse to u*°{C). Then, possibly after making I smaller, we can find p > such 
that G\b (o)x/ is an embedding of -Bp(O) x / into \ x{R). 

Now we show that G is an immersion. If not we find {zi,ti) G C x / and (Sz, 6t) ^ 
such that DG{zi,ti) ■ {5z,5t) = 0. Then 5t ^ since G(-,<i) : £ ^ \ i(K) is 
an embedding by Lemma |4.20[ and we can assume 5t = 1. Plugging the formula 
for G and differentiating we get 

(67) i?/|(c(to+A(to-i.7(*i)) ■ (A(ii)(5z + C'(ti) + A'(ii)zi,7'(ti)) = (c,0) 

where (c, 0) G T^ti(2j)(M x S^), c 7^ 0. Denoting / — {h,g), we define 

= {hiCiti) + A{ti)z,j{ti)) + cs,g{C{ti) + A{ti)z,j{ti))). 

Since / is an embedding, we find unique G'-smooth maps w{s),a{s) G C, r(s) G 
Br{0) satisfying w{0) = (ih), a{0) = A{ti), T{0) = 7(^1), r'(0) ^ and 

^s,z)^ fiw{s) + ais)z,ris)). 

Fix z = zi and differentiate in s at s = 

^/l(to(o)+Q(o)zi,r(o)) • (w'(0) 



Subtracting ([67| from ([68]) we get r'(0) 
everywhere non-singular. Denoting Q - 



a'(0)zi,r'(0)) = (c,0). 

— j'iti). Here we strongly used that Df is 
(u;(0),r(0)) = (C(ii),7(ii)) we compute 



-RiKiPo))) = -r 
as 



f{w{s),T{s))^ - 



C'(ti),r'(o) 



/(C(t),7(0) 



7'(ii)) 
„--,ti 



= Df\Q ■ {w'{0) 

^Df\Q- {w'{Q) - Cih), 0) G T^n (0)"'^ (C) 

which implies wind7r(/(-, 7(^1)) > 0, a contradiction. Thus G is a G'-immersion. 

Note that u*(C) = G(C,t) for every t G / by Lemma 4.21 We now claim that 
if / is small enough then G is injective on C x /. Suppose not. Then, again by 
Lemma 4.21 there exist sequences ^",^2 ^ ^0 such that G(C,t") = G(C,i2) Vn. 
We find unique 2;„ G C satisfying G(z„,t") = G(0,t2) = 0tj(Po)- We must have 
liminf |z„| > p > because G is 1-1 on i?p(0) x /. Also, {0t(po) | t G does 
not meet a sufficiently small neighborhood U of a;(M). Then Lemma [4.23| implies 
limsup|z„| < -l-oo. Consequently we can assume Zn ^ z* ^ 0. This implies 
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G{z*,to) — G{0,to), a contradiction since G{-,to) is 1-1 by Lemma 4.20 As re- 
marked before, Lemma 4.21 implies G{C,t) — u*(C) as claimed. □ 



Lemma 4.25. Uo<t<To ^ \ 

Proof. We will prove that 



n 



U u*(C) c 53\mO(C) 
a<t<To 



is open and clos ed in the connected set S'^\u'^{C). Let qn G il, — > 9 G S^\u^{C). 
We use Lemma 4.24 to find < ti < • • • < tat < Tq, e > and smooth maps F' — 
{H\G^) : C X hin) ^ M X 53 such that u£i/,(t,) D [0,To] and G'{C,t) = u*(C) 
V< G h{Ti). Moreover, G' : C x /e(Ti) — \ a;(M) is an embedding for each i. 
We find t„ G (0,To) such that g„ G u*"(C). Up to the choice of a subsequence, 
tn ^ t* e [0,To]. If t* eljji) then 32;„ G C such that g„ = G^{zn,tn), and 



sup„ |z„| < 00 by Lemma 4.23 So, up to the choice of a further subsequence, 
we may assume z„ — 2;* G C. Consequently q = lim„ G'*(z„, t„) = G'*(z*,i*) G 



G'iC,t*) = u 



Hence t* G (0,ro) and q e fl. Thus is closed in \ mO(C). 



By Lemma 4.24 Q is open in \ uO(C). 



□ 



Lemmas 4.22 4.24 and 4.25 imply that the embedded planes {u*(C) \ t e [0, To]} 
are pages of an open book decomposition of with binding P. We still need to 
show that each page is a global surface of section for the Reeb flow. 

Lemma 4.26. Let y be a Reeb trajectory in \ and assume that its uj-limit 

set does not intersect a;(M). Then 7;([a, -f-oo)) H u*(D) 7^ for every a G M and 
s G [0,ro)- Analogously, if we assume the a-limit set of y does not meet x(R) then 
?/((-cx),a]) n'u"(D) ^ for every aeU andse [0,To). 

Proof. We only prove the lemma assuming the w-limit set of y does not meet x{M.), 
the other case is analogous. Fix any a G M and assume y{[a, -l-oo)) n ^ for 

some to G [0,ro). Let 

D = {te{to,n)\y{[a,+^))nu-{C)^(dyre{to,t)}. 

First we show D ^ %. Consider the embedding G : C x /^(io) S'^ \ x{M) given 
by Lemma 4.24 satisfying G(C,t) = u*(C) V< G Ie{to), and take tq > a such that 
y{To) G u*"(C). One can find a smooth curve 7(t) such that 7(to) — to and y{T) G 
G(C,7(t)). Since G(C,to) is transverse to the Reeb vector we have 7'(to) 7^ and 
it is easy to check that 7'(to) > 0. Thus 35 > such that (^0,^0 + 5) C D. 

Now consider t* — supD and suppose, by contradiction, that t* < To. By 
consider an embedding G* : C x I^{t*) \ x{R) satisfying 

) yt G Ie{t*). Take r„ > a and <„ < t* such that i„ -J> i* and 
Thus 3 unique z„ G C satisfying G*{zn,tn) = y(jn). Using our 
hypothesis on the w-limit set of y we find q ^ S'^ \ x{M.) such that 2/(t„) — > q, 
after selecting a subsequence. Thus sup„ |z„| < 00 by Lemma 4.23 so we may 
also assume lim„z„ = z* exists. This gives G*{z*,t*) = q. If r„ contains a 
bounded subsequence then q G y([a, -l-oo)) which proves y([a, -l-oo)) n u* (C) 7^ 0. 
If T„ — )■ -1-00 then, by transversality of the Reeb vector with w* (C), we again find 
that y{[a, -f 00)) n m* (C) ^ 0. Arguing as in the proof of _D 7^ we find (5 > such 
that [t* ,t* + S) C D, contradicting the definition of t* . Thus t* = Tq. 



4.24 



Lemma 

G*(C,t)^^* 
2/(t„) g u* 
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So far we showed Tq = supD and y([a,+oo) n m"(D) = y{[a, +00) D u^"{D) ^ 
0. Repeating the above arguments with in the place of to we conclude that 
y{[a, +00) n w^(D) ^ for every s € [0, Tq) as desired. □ 

Finally we need to recall the following lemma extracted from '16] and proved by 
arguments from 13J. 

Lemma 4.27. Let u = (a, u) he a fast finite- energy plane asymptotic to P — {x, T) . 
If the uj-limit (a-limit) set of some Reeh trajectory y(t) in \ x{M.) intersects x{M.) 
then Va e M 3i > a (t < a) such that y{t) G u(C). 



Lemmas 4.26 and 4.27 imply that each page it*(C) is a global surface of section, 



for any s £ [0, Tq). The proof of Theorem 1.9 is complete 



Appendix A. Proof of Lemma 14.131 

Let M, a and P = (x, T) be as in the statement of the lemma. We write 
J — J{£,, da) and denote by J7fast(-P) the set of J G J' for which there exists some 
embedded fast finite-energy J-holomorphic plane asymptotic to P. Here J is de- 



fined in terms of J and a by (10). Since is connected we may split the proof in 
the following two steps. 

Step 1: jTfast is closed. 

Step 2: Jfast is open. 

A.l. Proof of Step 1. We follow [TB] closely. Let H C M be a compact set with 
the following properties: H n = and every continuous disk-map spanning 
P passes through H. For every J £ J consider the set A( J) consisting of fast 
embedded finite-energy planes u — (a, u) asymptotic to P satisfying 

(69) /„ u*da = T - 7, u(0) G H and a(2) = 0. 

Here 7 > satisfies 7 < T' for every P' ^ {x' ,T') eV , and 7 < |To - Ti |, for every 
P^ = {x^,Ti) such that To ^ Ti and Tq, Ti < T. 

Consider Jk G jTfast such that J, and a sequence Uk — {ak,Uk) of embedded 

fast Jfc-holomorphic planes asymptotic to P. After reparametrizing and translating 
in the M-direction we may assume {tj. G A(J/j). Following [B], let 

r = {z G C I 3zj — > z and kj such that \duk.{zj) \ — ^ 00}. 



It follows directly from Lemma 2.20 and (691 that F C D and, up to the choice 
of a subsequence, we may assume ^^F < 00. Elliptic estimates show that, up 
to selection of a further subsequence, we may find a smooth J-holomorphic map 
u = {a,u) : C\T M such that Uk ^ u in C^^{C \ F). It is easy to see that F 

consists of negative punctures and, consequently, 00 must be positive. Using results 
on cylinders with small da-area, as in |15) or |14| . one proves that u is asymptotic 
to P at 00 

Lemma A.l. j^\^^u*da > 0. 

Proof If F = then Jj^u*da = hmfc J^ulda ^ T - j > Q. IfF7^0 then clearly 
u is not constant. Arguing indirectly, assume F 7^ and J^,_^-^u*da — 0. By 
Theorem |2.18| P can not be simply covered if #F > 2, proving = 1. In 
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particular, it follows that there are complex constants A ^ and D such that 
u{z) = Fp{Az + D) where Fp is the map e2'^(''+") e C \ i-^ (Ts, x{Tt)) e M x M. 
In this case we must have F = {—D/A] C 9D since, otherwise, we would get 



T= I w*q; = lini / u^a — T — j. 

Job Jdo 

But this implies u{0) E H x{M.), a contradiction. □ 



Let us enumerate r = {zi,...,zjv} and consider, for each z, the asymptotic orbit 
Pi = ixi,Ti) of u at Zi. Each is contractible. In fact, if p is small and fixed, 
the contractible loop t i-^ Uk{zj + pe*^'^*) converges to t H> + pe*^'^*) which is 



homotopic to Xi{Tit) in view of Theorem 2.10 Denoting Xix^it) = Xi(Tit), let be 
a non- vanishing section of Xi^X which extends to a non- vanishing section of ^jx); 
for some (and hence any) disk Vi spanning Pi. Consider also k a non- vanishing 
section of x^S, which extends over S.\t> with no zeros, for spanning disks V for P. 
Let us compactify C \ F and obtain a surface with boundary E by adding a circle 
at each point of F and at oo. By Theorem |2. 10| the map u extends to a continuous 
map u : Yi M sending each boundary component onto the corresponding orbit 
Pi, ... , P/v, P. We claim that the section ki, . . . , kn^ k can be extended to a non- 
vanishing section Z of u*^. In fact, there is no restriction to extending ki, . . . , kn 
over E as a non- vanishing section Z* . Disks spanning P^ can be glued to E at 
Zi to obtain a spanning disk T) = it#I?i# . . . #2?Ar for P. By our choice of the Ki, 
Z* can be extended over I? as a non-vanishing section. This shows that k does 
not wind with respect to Z* , so Z* can be modified in a neighborhood of cxi to a 
non-vanishing section Z coinciding with k at P. This special non-vanishing section 
of u*^ will be denoted by B. 

Since P is simply covered, there exists Martinet tube (C/, Vl/) for P such that 
K = (^I'*^^;) ° XT- There is no loss of generality if we assume B(e^'^*^^"'"**-') = 
{'ii*dx) o u(e^'^'-*'^**-') for large values of s. Again using results on cylinders with 
small da-area, one finds Rq ^ 1 such that \z\ > Rq ^ Ukiz) C U, for every k. By 



Theorem 2.11 we can also assume \z\ > Rq ^ u{z) C U and tt • du{z) ^ 0. 



Lemma A. 2. windoo{u,oo, B) < 1. 

Proof. Since the maps Uk provide capping disks for P, the section (^I'*^^,) o Uk 
(defined only for \z\ > Rq) can be extended to a non-vanishing section Bf. of u^S^. 
This follows from our particular choice of Martinet tube {U, made above, and 
implies 1 = windoo(u*:) = windoo('Sfe, oo, P^). We write Uk{s,t) = u/j(e^^'-'*+*'^) and 
u{s,t) = u(e2"'(^+"'). Let Sk +oo be so that 

TT-dsUk{sk,t)^Qyt and wmd{t >^ tt ■ dsUk{sk,t), Bk{e^<'-+''^)) = 1. 

For any fixed s > (27r)^^logPo the vectors tt • dsu{s,t) do not vanish, so that 
• dsUk{s,t) do not vanish when fc 1. We can estimate using standard degree 
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theory 

1 - wind(i ^ IT ■ dsu{s, t),t^ S(e2"(^+"))) 
= 1 - wind(t i-> vr • dsu{s, t),t i-> (5'*(9x) ° t)) 
= lim 1 — w'md{t 1-^ TT ■ dsUk{s,t),t 1-^ {'i>*dx) o Uk{s,t)) 

A;— 5-00 



= lim 



wind(i i-> TT • dsUk{sk,t),t Bk{sk,t)) 



k-^oo 1 —Wmd(t H- TT • 9sUfc(s, t) , t 1-^ Bk{s, <)) 

= lim # (zeros of tt • duk on {e^''" < < e^''"'"}} 

fc— !-00 

Since the tt • duk satisfy a Cauchy-Riemann type equation, the (algebraic) count of 
zeros in the last line above is non-negative. The lemma follows by taking the limit 
as s — !■ +00. □ 



We will now argue indirectly to show that F = 0. Fix i and let (s, t) e M x M/Z 
be negative holomorphic cylindrical coordinates centered at z^, as explained in 



Remark 2.4 and write i3(s, t) for the value of B at the point corresponding to (s, t). 
In particular, B{s,t) — >■ Ki{t) uniformly in t as s — >■ — oo. By Theorem |2.11| there 
exists a smooth non-vanishing function f{s,t) such that f{s,t)TT ■ dsu{s,t) — > e(t) 
in C°(K/Z,^) as s — >■ — oo, where e{t) is an eigenvector of Ap. corresponding to a 
positive eigenvalue. Consequently we can estimate 

w'mdac {u, Zi, B) — lim wmd{t t-^ tt ■ dsu{s,t),t t-^ B{s,t)) 

= wind(i H- e{t),t M- Ki{t)) > 2 

where in the last inequality we used i-t{Pi) > 3. Assuming F 7^ we obtain the 
following contradiction 

< wind^(M) = windco(u) - 2 + #r + l<l - 2#F + #F - 1 = -#F. 

We used Lemma [2.15[ This shows F = and proves that u is a non-constant fast 
finite-energy J-holomorphic plane asymptotic to P. 

To conclude Step 1 it remains only to prove that u is embedded. The identity 
winder (u) = shows that u is immersed. Self-intersection points of u must be 
isolated since, otherwise, one could use Carleman's similarity principle to show 
that u is a non-trivial cover of a somewhere injective finite-energy plane, see [S]. In 
particular, this would imply that P is not simply covered, a contradiction. Isolated 
self- intersections of u would imply self-intersections of Uk for fc 3> 1, by stability 
and positivity of intersections of pseudo-holomorphic immersions. This shows u has 
no self-intersections and, consequently, ii € A(J) and J € Jfast- 



A. 2. Proof of Step 2. We need to revisit the functional analytic set-up for the 
Fredholm theory of embedded finite-energy surfaces constructed in j^, however, 
we will slightly modify the discussion there. From now on fix Jq G i/fast and 
an embedded fast finite-energy Jo-holomorphic plane u = (a, m) : C M x Af 
asymptotic to P at 00. 

We recall Floer's C^-topology. Let ]C°° be the set of smooth sections K of >Cr(0 
satisfying 



JqK + KJo = and da{u, Kv) + da{Ku, w) = V-u, w G ^p, p £ M. 
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Consider a sequence {ci} C ffi+ satisfying — >• 0+. If {ci} decays sufficiently fast 
then 

(70) IC' = {K e /C°° I lli^ll, = ^^Il^llc- < 00} 

becomes a Banach space with the norm || • ||e, and is dense in JC°°. When A > 
is small enough then every K G IC^ satisfying \\K\\^ < A induces some J € J7 by 
J = Jo exp{—JoK). The set of elements of arising in this way will be denoted by 
Ua, and the bijective correspondence between Ua and a A-ball in /C*^ gives Ua the 
structure of a (trivial) Banach manifold. The closure of Ua in J' with respect to 
the C°°-topology contains Jq in its interior. In view of Step 1, if we can prove that 
Jo has a neighborhood in Ua which is contained in jTfast then it will follow that Jq 
is an interior point of jTfast ■ 

Let U he a, small neighborhood of x{M.) in M and 

* : [/ ^- M/Z X B 



be a Martinet tube as described in |2.2.3[ Thus ^* {f{de+xdy)) = a and *(a;(T6')) = 
{6, 0, 0) where {9, z — (z, j/)) S B are standard coordinates in M/Z x M^, and / > 



satisfies / = T, (i/ = OonIR/ZxO. We have an induced frame 
(71) {ei ~ a^., 62 ~ -x^e + 

of and we assume {ei o F,e2 o F} extends to a frame of F*^ for some (and 
hence any) continuous disk map : D — > Af satisfying ^(e'^'^*) ~ x{Tt). 

Let g be any K-invariant Riemannian metric on M x M and denote by Nu the 



normal bundle of ■u{C). The asymptotic behavior of u explained in 2.2.3 (see [7]) 
implies that ^^(2) n dUz{TzC) = when \z\ is large. Denoting by ttm : M x M — > M 
the projection onto the second factor and ^ — tt^j^, we may consider a Jo-invariant 
subbundle L C u*T{R x M) that coincides with w*^ on C \ i3_R(,(0), where i?o > 1, 
and coincides with Nu on _B/j(,_i(0). Possibly after making Rq larger, we have 
also \z\ > Rq u{z) e U. One finds a (da, Jo) -unitary frame {ni,n2} of 
such that {hi{'u,{z)),n2{u{z))} extends to a smooth Jo-complex frame of L. Here 
rij(u(z)) = ni(u(z)), i = 1,2. The identity 

(72) wind(t ni oM(i?e'2'^*),t ei oM(i?e'2'^*)) = 1 (i? > 1) 

follows immediately from Theorem 1.8 in 

Let hi be extensions of o {i to C such that {ni,n2} is a Jo-complex frame. 
Since g is K-invariant, its injcctivity radius is uniformly bounded away from zero 
all over M x M. Thus we can find a small ball B' C C centered at such that the 
map 

$ : C X B' ^ M X M, {z,w)^ exp,^(2)(5R(w)fii(z) -f 3(^)^2(2)) 

is an embedding onto a neighborhood of u{C). Moreover, the image of any map 
[/ : C ^ M X M sufficiently close to u in the strong C^-topology coincides with 
{$(z, v{z)) I z S C}, for some v : C ^ B' small in the strong C^-topology. 
In the following we denote J = ^*J and write 



Jiz,v) 



ji{z,v) Ai{z,v) 

A2{Z,V) j2{z,v) 
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in 2 X 2-blocks, for every J e U/\. Let cr(s,t) = g2T(s+«t)_ After making smaller 
and Rq larger the map 

F(s, t, v) = (idR X o $ o (cr X zdR2)(s, u) 

is defined for e^'^" > i?o and v G B' . Using the asymptotic behavior of u from 
Theorem 2.11 and the K-invariance of g one shows 

(73) limsup sup \D^ F{s,t,v)\ < oo 

s-f+oo veK,tes,/i. 

for every multi-index /3 = {Pi, (^21 hi Pa) and K C B' compact. For each J G 
consider the almost complex structure J on E x E/Z x _B defined by («(iR x ^f)* j = 
J. Seen as a smooth 4x4 matrix, J is independent of the E-coordinate. If 
J = (cr X id-jsi2)* J = F* J then, in view of (73), we have 

(74) limsup sup v)\ < 00 

s-i.+oo veK,teR/i. 

for every /3 and K C B' compact. 

Given i > 1, 5 < 0, 7 € (0, 1) and a finite-dimensional real vector space V we 
can define the Banach space Co'"'*(C, F) of C'^'^ functions w : C ^ F such that the 
map (s,t) i-7> wotT(s,i), s > 0, belongs to Cq''' ([0,+oo) x R/Z,V), as explained in 
Remark 1 3. 2 [ The norm is defined by llwllpi.^fD) + 11^^ ° <^\\i,j.s, where || • ll;,^,^ is the 
norm ( |20p . From now on we fix / > 2, 7 g (0, 1) as above, and 6 < will be fixed 
a posteriori. Clearly the subset V C Cq'''^''^(C, C) of maps with image in B' is an 
open set. 

Let Y C he the vector bundle with fibers = {E- linear maps T^C — )■ C}. 
The space Cq~^''^' (Y) consists of sections A : C Y oi class C''~^'^ such that 
{s,t) i-^. A{(T{s,t)) ■ dta{s,t) belongs to C^,''^''''^ on E+ x E/Z. The norm is 
ll^llc'~i.^(D) + \\Aoa- at\\i-i.y,s- 

Similarly to JS] consider the smooth map H : V x U\ — > C''^^''^'^ {Y) given by 

(75) H{v, J) = ^2{z, v) + j2{z, v) ■ dv — dv ■ ji{z, v) — dv ■ Ai(z, v) ■ dv. 

One has to make use of (74) to verify that H takes values on C''~^''^'^ (Y). Standard 
arguments show that H is smooth. The equation H{v, J) = holds if, and only if, 
the embedding z 1— > {z,v{z)) has a J-invariant tangent space. Writing 

in 2 X 2-blocks, we have j?(z,0) = j^(2,0) = i and Al{z,0) = A^(z,0) = 0. 
Differentiating ( 75 1 at u = we get 

(76) DiH{0,Jo)C^i-dC-dC-i + C -C 

where C{z) = I?2A2(2:,0). Let d(j)Tt ■ CU(o) — >■ ^x{Tt) be represented as a path 
(p{t) e Sp(l) using the frame {711,712}, and let S = —iip'ip~^. Denoting by C{s,t) 
the linear map u M- {C{a{s,t)) ■ u) ■ dt<7{s,t), the following asymptotic behavior is 
proved in |9] 

(77) lim sup\Dl^[C{s,t)- S{t)]\ =0, V|/3| <l. 

There is a corresponding representation L = —idt — S oi the asymptotic operator 
at P. From now one we assume 6 G (—00,0) \ <t{L), and denote by ^^^{P.S) 
the (5- weighted Conley-Zehnder of P computed with respect to the frame {ni, 712}, 
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which is defined as twice the winding of the largest eigenvalue of L below 5, plus 
or 1 depending whether the winding jumps when we compare with the smallest 
eigenvalue above 5. 

There exists a bundle splitting Y = © and we may define a Banach 
space of sections Cg^^''''''(F°'^) analogously as above. Differentiating the identity 
Jq = — / one shows C{z) is C-anti-linear, so that the linear map DiH{0, Jq) may 
be viewed as an operator Do : Co'^'*(C,C) -> Cq~^''^'\y°-^). 

Theorem A. 3 (Hofer, Wysocki and Zehnder). The operator Do is Fredholm with 
index iJjq^{P,6) + 1. Moreover, there exists a smooth Banach bundle £ — > V x U^^, 
with fibers modeled on Cq^^'''' and a smooth section rj such that rj(v, J) = 

<^ H(v, J) = and the partial vertical derivative Dirj{Q, Jq) coincides with Dq. 



Since fJ-cziP) > 3 we have fi{ip) > 1 by (72 1 and by our choice of Martinet tube. 
This allows room for us to place S < precisely on the spectral gap between the 
largest eigenvalue with winding and the smallest eigenvalue with winding 1, so 
that fiQ^{P,S) ~ 1 and the Fredholm index of Dir]{0, Jq) is 2. 

Lemma A. 4. With this choice of 5 the operator Dq is surjective. 

Proof. Let a G ker Dq be non-zero and denote a{s, t) = a(a{s, t)). Then + iot + 
Ca — 0. By standard asymptotic analysis from jTj (see section 6 in [16] for a 
detailed account), one finds an eigenvector e{t) of L associated to some eigenvalue 
v < such that 

a{s,t) = e^'o^^^^'^^eit) + R{s,t)) 

where /i(t) — v and R{s,t) converge to uniformly in t as s +oo. Since a € 
Cq''' we must have ly < 5, so that wind(e i-)- e{t)) < 0. By standard degree 
theory the algebraic count of zeros of a{z) on C is < 0. However, Carleman's 
Similarity principle implies that all zeros count positively. Hence, a never vanishes. 
If the kernel had 3 or more linearly independent sections then a non-trivial linear 
combination of them would have to vanish at some point and, consequently, would 
vanish identically, providing a contradiction. This shows that dim ker Dq < 2 and 
the conclusion follows since the index is 2. □ 



Clearly ker Z??7(0, Jq) splits. By the implicit function theorem we find, possibly 
after shrinking V, a neighborhood O of Jq in Ua so that the (local) universal moduli 
space defined by 

M = {{v, J) e V X O I H{v, J) = 0} 

is a smooth Banach submanifold with tangent space ker£'?7(0, Jq), and the projec- 
tion H(u, J) = J restricts to a submersion of M onto O. 

Hence, for any fixed J ^ O there exists some w G V so that the embedding 
z I— > (z, u(z)) has a J-invariant tangent space. Following the appendix of [5], 
for a given < e < 27r it is possible to find <j> G Cq ''''"'^(C, C) so that the map 
^p{z) = z + </>(z) is a diffcomorphism and w{z) ~ $(■0(2;), o ip{z)) is an embedded 
finite-energy J-holomorphic plane asymptotic to P. To conclude Step 2 it remains 
to show 

Lemma A. 5. The plane w above is fast. 
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Proof. Consider (5(s, t), T{s, t)) = cr^^ o -(/) o cr{s, t) E R x M/Z. It follows from the 
formula 5 + iT= (27r)-i log(V' o ct(s, t)) that \{S - s,T -t)\ + \D{S - s,T -t) \ ^0 
as s — )■ oo, uniformly in i e M/Z. Let us write 

(a(s, i), 6'(s, t),x{s, t), y{s, t)) = {id^ x *) o ii o cr(s, = F(s, 0), 

and 

(yl(s, t),e(s, t), X(s, i), ^(s, i)) = (^^r x ^) o w o a{s, t) 
^F{S,T,voa{S,T)). 
Using (73), and the fact that \v o a{S,T)\ decay as fast as e*'' when s — ?► oo, we can 

GSt lUlcLt G 

\iXis,t),Y{s,t)) - {x{S,T),yiS,T))\ 
< \F{S, T,voa{S,T))~ F{S, T, 0) | < Ce^' 

for some C > 0, if s ^ 1. In view of Theorem |2.11| we know that all partial 
derivatives of {x{s,t),y{s,t)) of all orders decay exponentially to zero faster than 
g(M+>-)s £qj. gvery r > 0, where ^ < S is the asymptotic eigenvalu^ Taking r > 
small we get decay faster than e'^*. Since the partial derivatives of (/)(e^'^'''''"**-') with 
respect to s and t decay to uniformly (like e~'^*), we conclude that 

\{x{S,T),y{S,T)) - {x{s,t),y{s,t))\ < C'e'' when s » 1. 

Both estimates above give 

\{X{s,t),Y{s,t)) - {x{s,t),y{s,t))\ < C'e'^ 

which implies 

|(X(s,t),r(s,t))| < \[x[s,t),y{s,t))\ + \{X{s,t),Y{s,t)) - {x{s,t),y{s,t))\ 



Now, in view of Theorem 2.11 {X{s, t), Y{s, t)) decays slower than e*^''^'"-''* for some 
1/ S cr(L) n (— oo, 0) and any r > 0. Here v is the asymptotic eigenvalue of w. Hence 
the estimate above shows that v < S, implying windoo(w) < 1- Thus windoo(w) = 1 
by Lemma [2.15| □ 

We showed that O C jTfast- In view of Step 1, the C°°-closure of O also lies in 
J'ta.st and contains Jq in its interior. 

Remark A. 6. It should be noted that the elegant work of Wendl [21] [22] can 

be used to start a new proof of the above mentioned compactness and automatic 
transversality result for embedded fast finite-energy planes. 

Appendix B. Proof of Proposition 14.19] 

First we need two auxiliary lemmas. 

Lemma B.l. Suppose Kk, , K°° and L are as in the statement oj Proposi- 
tion 4-19 For each s > and k G Z+ consider the unbounded self-adjoint operator 

Lk{s) : c L2 ^ L^, Lk{s)e = - Jqe - 5fc(s, 



To see why fi < 5 note that the winding of the asymptotic eigenvalue of u with respect to ei ~ dx 
is windooCS) = 1, as explained in Remark |2.17| This is so since the Martinet tube is ahgned with 
a trivialization of induced by some (and hence any) capping disk. But, by our choice of 5, if 
an eigenvalue winds < with respect to ni (or < 1 with respect to ei) it must be smaller than S. 
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where 5fc(s, t) = ^ [Kk{s, •) + Kk{s, ■)'^] . If S £ (—00, 0) \ <t{L) then we find sq > 
and c > such that 

\[Lkis) - S]e\L2 >c\e\^2 Vs > sq, Ve e W^'^, Vfc > 0. 

Proof. We proceed indirectly. Abbreviating | • I2 = I ■ , suppose there are sequences 
Sj — )■ +00 and {ej} C W-'-''^ such that \ej\2 = 1 and \[Lkj{sj) — S\ej\2 0. The 
equation 

SfCj = Jo[ifcj(sj) - S\ej + JaSk^isj, ■)ej + SJ^e, 

shows that {e^} is a bounded sequence in W^''^. Consequently we can assume the 
existence of some e G satisfying \ej — e\2 — >■ 0. The above equation now shows 
that {ej} is a Cauchy sequence in W-^'^, which proves e G W^'^ and ej — >■ e in 
W^'"^. However, the asymptotic conditions imposed on the functions Kk^ imply that 
Lkj{sj) converges to L in the strong operator topology of continuous linear maps 
from W^'^ into . Hence [L — 5]e = 0, contradicting S ^ <j{L) since |e|2 = 1- □ 



Lemma B.2. Let Kk, K^^ , K°° and L be as in the statement of Proposition 4-19 



Suppose X < S < are such that A G cr(i) and (A, 6] D cr{L) = 0. Then one can find 
< r < S — X and Si > such that 

\X{s,-)\L2<e^'-'-^^^-^^^\X{s,,-)\L. 

for any k and smooth function X : [0, +00) x M/Z — > M^" satisfying 

(78) dsX + JodtX + KkX = 0, lim,^+oo e-^'\X{s, = 0. 



Proof. We abbreviate | • I2 = | ■ II^ and assume X G C°° satisfies (78) for some k. 
Setting Y = e-'^X, Sk = ^[Kk{s,t) + Kkis,tf], Afc(s,t) = ^[Kkis,t) - Kkis.t)^] 
we have 

(79) limsupsup{\D^[Sk{s,t)-K°-{t)]\ + \D'^Ak{s,t)\)=Oy\^\<l 
and 

(80) Y, + JoYt + KkY + 6Y^ Y, - [Lfc(s) - 6]Y + AkY = 



where Lk{s) is the operator defined in the statement of Lemma B.l Moreover, 
lim^^+00 \Y[s, ■)\2 = 0. If we set g{s) = \\Y(s, then 

g'{s) = {Ys,Y) = {[Lk{s) - d]Y - A^Y, Y) - {[Lk{s) - 5]Y, Y) 

and 

g"{s) = {-JoYts - SkY, - SYs - idsSk)Y, Y) + {[Lkis) - 6]Y, Y^) 

= {[Lkis) - S]Y,,Y) - {id,Sk)Y,Y) + {[Lkis) - S]Y, [i,(s) ~ S]Y - A^Y) 

= {[Lkis) - 6]Y - AkY, [Lk{s) - S]Y) - {{d,Sk)Y, Y) 

+ \[Lkis) - S]Y\' - {[Lkis) - 6]Y,AkY) 

= 2[[Lkis) - 6]Y[^ - 2 {[Lkis) ~ S]Y, AkY) - {idsSk)Y, Y) . 

We used that Lkis) is self-adjoint Vs. Let sq and c > be given by the previous 
lemma. Then s > sq implies 

g'is) > 2c^[Y[l - 2c[Y[2[AkY[2 - \Y[2[[dsSk]Y[2 



> 4g(s) ^c^ - c[Ak]L^(si) - ^|9sS'fe|L~(5i) j 
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In view of (79), for any e > small 3si > sq be such that 

s>si^ (c^ -c\Ak\L^is^)-^\dsSk\L^(s^)^ >{c-ef\fk. 

Consequently we have an estimate g" {s) > 4(c — e)^g(s) whenever s > Si, inde- 
pendently of k or X. Now we note that any positive function on [si,+cxd) 
satisfying g"{s) > 4(c — e)'^g{s) and Hms_>+oo3(s) = must also satisfy g{s) < 
5(si)e-2('=-^)(^-'*i) for all s > si. A gain this is independent of /c or X. The proof 
is complete if we set r < min{(5 — A, c — e} since 2g(s) = e~^*^|X(s, ■)\2- □ 

We now turn to the proof of Proposition |4.19| The definition of E and the 
assumptions on Kk together imply that 

(81) lim supe-*" |D^Xfe(s,t)| = V7 

holds for each fixed k. It is important here that Z?^ is a partial derivative of any or- 
der, and we used equations (64| and the Holder estimates for the operator dg + Jodt- 
We fix a number X < S satisfying (A, S] n (t{L) = and proceed in three steps. 

STEP 1: Vm > one can find numbers < < (5 — A, > such that 

m 

< g(<5-r'm)(s-Sm) 



\ j=0 



Il2(S1) 



j=0 



Proof of STEP 1. Fix fc > 0. We have equations 
r dsXk + J^dtXk + KkXk = 
dl.Xk + JodlXk + ds[KkXk] = 



ids 



vm+l 



Xk + JodtidsrXk + dT[KkXk] 







, dTXkY then dsZk + JodtZk + GkZk^O where 



Defining Zk{s,t) = {Xk,dsXk 

Gk is a lower triangular matrix of 2 x 2 blocks and every term i/^-' {i > j) below 
the diagonal satisfies 

lim sup ID'' Hi:' (s,t)\ = V7. 








■ " 




'Jo 


• 


• 


Hi' 


Kk 


• 


; Jo — 





Jo • 


• 


.(m+l)l 
k 




• Kk_ 




_ 


• 


• Jo 



This follows from the hypotheses of Proposition 4.19 These remarks and (81 1 show 



that we can apply Lemma |B.2| and find numbers Sm > and < r,„ < (5 — A as 
desired. Note that Sm and are independent of fc. □ 



STEP 2: > one can find < r; < (5 - A, s; > and c/ > such that 

|/3|<Z + 1 

for every fc > and s > s;. 



(82) max|i?^Xfc(s,.)lioo(si) <Qe(*-'-')(^-^') V \D^Xkisir)\ 
\-/\<i ^ ' '—^ 

|/3|<Z + 1 
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Proof of STEP 2. We prove by induction that Vm > 3Cm >0, 0<r™<(5-A 
and s„j > such that s > s„i impUes 
(83)^ 



l7l<r 



|7|<r 



The assertion for m = is already proved in Step 1. Assuming (83) is proved for 
m, we claim that it holds for m + 1. Writing D'^ = d\dl we proceed by induction 
on j to show that 
(84) 



for every < j < m + 1, where ^ indicates a sum over all multi-indices 7 = (71, 72) 
satisfying either I7I <mor I7I = m + 1 and 72 < j, and the constants C ,r', s' are 
independent of k. 

The case j = follows from Step 1 for m + 1 and from (83 1 for to. Now fix 
< 6 < TO + 1 and assume (84 1 holds for j — 0, . . . ,b — I. Let (3 — {m + 1 ~ b,b). 
Equation dgXk + JodtXk + KkXk = implies 

ds (dT+^-'dt^Xk) + JoD^Xk = dT+'-'dt^ {dsXk + JodtXk) 

= -dT+'-'dt' {KkXu) . 

Thus 

Df'Xk = Jo (ar+'-'s^^-ix, + ar+i-^a,"-! {KuXk)) 

The asymptotic uniform bounds on derivatives of Kk{s,t) in s and k, and the 
induction hypothesis, imply (84) holds for j — 0, . . . , &. The induction step is 
complete and (84) is proved for every j < to + 1. This proves (83) for to + 1. We 
showed (831 holds Vto. 



Using (^83 1 for TO = Z + 1 we obtain C; > independent of n such that 



V lTl<i |7|<' + 1 

for every s > s/+i and A; > 0. The conclusion follows since W^''^{S^) ^ L°°{S^). 

□ 

STEP 3: There exists X^o and a subsequence X^- such that X^^ — ^ X^ in Cq"'*. 

Proof of STEP 3. Since Xk is C;^^-bounded we can assume, up to selection of a 
subsequence, that 3Xoo such that Xk — > X^o in C;'^^. Fix 7 and e > 0. By the 
previous step 3si ^ such that 

e 



s > s^ 



sup e 

k,t 



^-Ss 



\D^Xk{s,t)\ < 



This implies 

sup e-^'\D''Xoo{s,t)\<^. 
s>si,tes^ ^ 

We find k\ S Z+ such that 

k>ki^ sup e-^^ |I?^[Xfe - Xoo]| < e. 

[0,si]xR/Z 
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Hence if s > and fc > fci then e"''" \D'^[Xk - Xoo]| < e. We proved 

liin B\ype'^'\D^[Xk~ X^W^Q 
s-y+oo ^ 

for each fixed 7. If we fix /> 1 then the above hmits for I7I < / + 1 imply 

The conclusion follows. □ 
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